Solutions to exercises
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Exercise 0.1. Consider the action of B € U(k) on A € hom(CF,C") given by A + AB.
Show that this is generated by the moment map A — $ATA € u(k) (where u(k) consists
of skew-Hermitian matrices and we are implicitly identifying u(k) with its dual via the
inner product X.Y = Tr(XTY). Identify the Grassmannian Gr(k,n) of complex k-planes
in C" with the symplectic quotient p=1(iI)/U (k).

Proof. We do not want to get bogged down to indices, so we use a trick. Notice the
group acts linearly on the complex vector space Hom((Ck, C™), which is implicitly given
some Hermitian structure. So we need a lemma:

Lemma 0.2. For some unitary linear representation p on a Hermitian vector space
(V,J,w), given an element B in the Lie algerba, the Hamiltonian is given by H(z) =
—1/2 < Jp(B)z,x >.

Proof. x € V, dH = —i,py(w) = —w(p(B)z,.) = — < Jp(B)z,_ > This is linear in the
x variable, so we look for a quadratic function with this differential. The answer is just
what we stated. (This implicitly uses the symmetry of the matrix defined by Jp(B)) O

Now notice the group acts on the right on the vector space, so when we apply the
lemma we need to throw in another negative sign for the Lie algebra action. Then the
Hamiltonian becomes:

H(A) = 1/2Tr(Jp(B) AAT) = %z’Tr(ATAB)

From which we read off the moment map as stated. This is automatically equivariant
so we are done.

For the second part, notice up to scaling, we are looking at the set of matrices A such
that AAT = I. This amounts to isometric embeddings of C* into C". Hence up to U(k)
equivalence we are just looking at embedded copies of k-dimensional subspaces, hence
the symplectic quotient is naturally a Grassmannian.

O

Exercise 0.3. Show that 4k dimensional spheres do not admit almost complex struc-
tures.



Proof. The basic topological feature of the tangent bundle is that it is stably trivial.
This is because the sphere sits inside the Euclidean space, and the normal bundle is a
1D trivial bundle. Thus R*+! = R @ T54.

This means the Chern classes of the complexified tangent bundle are trivial.

Now suppose we have an almost complex structure, then the complexified bundle splits
into (1,0) and (0,1) parts which are complex vector bundles. Most of the Chern classes
vanish for purely degree reasons. But the top Chern class of the (1,0) bundle is the
Euler characteristic times the fundamental class, by Gauss Bonnet. Now since the top
Chern class is cg; we observe the conjugate bundle has the same Chern class. Then an
application of Whitney sum formula gives a contradiction of the value of the top Chern

class of the complexified tangent bundle.
O



