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VMF

Ngay 6 thang 10 nam 2015

LOI NOI bAU

Xut phat ti thuc té ki thi THPT Qudc gia 2015, v6i cac ban stt dung két qua mon Toan dé
xét tuyén dai hoc, thi su canh tranh chii yéu dién ra 6 bo ba cau phan loai. B ba cau nay thuong
roi vao cac chit dé Phuong trinh - Bat phuong trinh - Hé phuong trinh, Hinh hoc toa do phang,
Bat dang thiic - Tim GTLN NN.

Nham muc dich cung cap thém cho cic ban chuan bi tham gia ki thi THPT Qubc gia 2016
mot tai liéu tham khdo hitu ich, cac thanh vién ctia dién dan toan hoc VMF da cling nhau bién
soan tai liéu nay. Tai liéu tong hop lai cac cau hoi thuoc 3 chii dé néi trén trong cac dé thi thit
nam hoc 2014 - 2015. Phan huéng dan, dap sb chiing toi chi1 yéu dua trén dap an clia don vi ra
dé, tuy nhién trong mot s6 bai toan chiing tdi c6 dua ra cach tiép can khéc, hoic chi huéng dan
so lugc c6 dap s6 nham gitip ban doc chit dong hon trong qua trinh doc tai liéu. Chiing t6i nhan
manh rang, cach lam trong tai liéu nay chua han 1a tét nhét, ban doc ciing khong nén qua coi
trong cac 10i gidi mang dam chat ki thuat, kh6 dinh huéng tu nhién.

Nhém bién soan tai liéu nay gom c6
«Ban Tran Tuan Anh, Nguyén Nguyén Trang - Sinh vién khoa Toan DHSP TPHCM (Katyusha);
Ban Truong Viét Hoang - THPT Nguyén Du, Thai Binh (Viet Hoang 99);
+Thay Chau Ngoc Hung - Ninh Thuan (hungchng);
Thay Nguyén Cong Dinh - Ca Mau (CD13);
-Thﬁy Hoang Ngoc Thé - Ha NOoi (E.Galois);
-Thﬁy Lé Minh An - Nam Dinh (leminhansp).

Mic dul chiing ti da cting nhau bién soan tai liéu nay véi tit ca su tin tAm, tinh than vi
cong dong vo tu. Nhung su ti mi va ¢ ging clia chiing t6i chac chin chua thé kiém soat dudc
hét cac sai s6t. Vi vay sunhiét tam tit phia ban doc ciing sé gitip tai liéu hoan thién hon. Moi trao
déi hay chia sé vé6i chiing téi tai dién dan toan hoc VME http://diendantoanhoc.net/forum/

Sau cling, chiing t6i hi vong cong dong chia sé truc tuyén sé danh cho chiing téi su ton
trong toi thiéu bang cach ghi ré nguon tai liéu khi chia sé. Khong dung tai liéu nay deé truc 1gi ca

nhan. Chuing t6i xin cam on!

Nhom bién tap



V. HUONG DAN VA LOI GIAI

Giai bAt phuong trinh vV x2 + x+ Vx—2 = /3(x2 - 2x - 2).

Hudng dan

PK:x=1+v3.
Binh phuong hai ve rat gon ta dugc

Vxx+1D)(x—-2)= x> —4x-2 < V(x2-2x)(x+1) = (x%-2x) = 2(x+ 1)

Phuong trinh c6 dang uv = u? - 2v* < (u+v)(2v—u) >0 v6i u+ v >0, nén ta suy ra dudc

Va2 -2x22Vx+1 < x*-6x-4>0 < x€[3-V13;3+V13].
Két hop diéu kién ta dudc nghiém clia BPT 1a [1 + v/3;3 + V/13].

N

Bai 2 .

Trong mat phang véi hé toa do Oxy, cho tam gidc OAB c6 cac dinh A, B thudc dudng thang
A:4x+3y-12=0va K(6;6) la tam duong tron bang tiep goc 0. Goi C la diém nam trén A sao

S ~ R ™ - , 20 « A ~ S A ™ 24
cho AC = AO va cac diém C, B nam khac phia nhau so vdi A. Biet C c6 hoanh do bang Ey
tim toa do A, B.

Hudng dan

p 24 N . R 12 24
5 Ta co xC:E,CeAnentacotQado C(—E;E).
\ ' Do AO = AC nén Anam trén trung truc d ctia OC. V6i
’ ki toa do O, C da biét ta tim dudc d: 2x—y—6=0.
Ny R A N Khi d6, A= And nén A(3;0).
LN Ta c6 K 1a tam dudng tron bang tiép géc O cilia tam
_ _ giac OAB nén OK la phan giac géc AOB. OK: x—y = 0.
N o) £ Goi A’ 1a diém dbi xing ctia A qua OK, ta tim dugc
' A'(0;3) va A' € OB. Do d6 dudng thang OB chinh la
e Oy va ta tim dugc B(0;4).
' Nhan xét: V6i 16 gidi nay ta thiy bai toan c6 mot vai

gia thiét thita, chang han gia thiét tim dudng tron
bang tiép, gia thiét C, B nam khac phia so véi A.

Trang 4 http://diendantoanhoc.net



N

Bai 3 .

Cho x € R. Tim GTNN ctia

V32x%+2x+1) 1 1

P: =+ + ]
: \/2x2+(3—\/§)x+3 \/2x2+(3+\/§)x+3
Hudng dan
- 2 Zye A A sye X e 3 1 N 3 1
Trong mat phang v6i hé toa do Oxy, vGi moi x € R xét A(x, x + 1), B(%;—E) va C —%;—5).
. 3z , OA OB OC , .
KhldotacoP:—+7+—,trongdoBC:a,CA:bvaAB:c.

a c
Goi Gla trong tam AABC, ta c6

+ + =
a.GA b.GB c.GC 2

3 OA.GA OB.GB 0OC.GC 3 OA.GA N OB.GB N 0C.GC
B a.mg b.my, cme |

trong d6 mg, my, m. 1an lugt 1a d6 dai dudng trung tuyén xuit phat tit A, B,C clia AABC.
Theo BDT AM - GM, ta cO

1 1 3a%2+Q2b%+2c2-a® a®+b*+c2
a.mg=——/3a2Q2b2+2c2 - a?) < ( ) =
2v3

2v3 2 2v3

Bing cach tuong tu ta cling c6 b < @b+ va < a+b’+c

; My < ————— VA C.Me S ——————

g g g W c Wi
Suy ra
3v3
> L(OA.GA+ OB.GB+ OC.GC(C).
a+ b? + ¢
OA.GA+ OB.GB+0OC.GC = 0A.GA+ OB.GB+ 0OC.GC.

Ma

—_— — —_— —_—

OA.GA+OB.GB+0C.G
— OG(GA+GB+GC)+GA% +GB? + GC?
a’ + b? + ¢?

4 5 2 2
= §(ma+mb+mc) = 3

Tit d6 P = 3, dang thic xay ra khi x = 0. VAy Ppin = V3.

2 DPé2

Trong mat phang véi hé toa d6 Oxy, cho hinh vudéng ABCD c6 M, N 1an lugt la trung diém
ctia BC, CD. Tim toa do B, M biét N(0;-2), duong thang AM c6 phudng trinh x+2y—2=0va
canh hinh vuéng bang 4.

Huéng dan
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vV MF

Chia khéa clia bai toan chinh 1a tinh chat AM 1 BN (Tinh chat nay thudng xuat hién trong cac dé
thi dac biét thuong xuat hién véi tu cach day ctia mot hinh chop).
Tru6c het AABM «~ ABEM (g.g) V6i E= AMNBN.Nén AM1BN.

NP < 6 2
Tu’dotlmdLI(_jcBN:2x—y—2:0vaE(—;g).

4 6 — 2
Mit khéc ta cling tinh dugc BE = T\/_ EN= i .Nén EB = ~ZEN, suy ra B(2;2).

Lai c6 BM =2 nén M thudc duong tron (C) tam Bbankinh 2. (C): (x—2)*+ (y-2)*> = 4.
A N .2 2 ~ 2 4
M = AMn (C) nén ta tim dugc 2 diém M thoa man: M;(2;0), M, (g; E)'

27x° +3x+ 9y -7)/6-9y=0

Giai hé phuong trinh { 1 109
*P 8 { §x2+y2+\/2—3x—azo

Hudng dan
Quan sat phuong trinh (1) ctia hé ta thiy c6 thé doc lap thanh hai phan, chi chita x va chi chiia
y. Phan chita x c6 bac 3, phan chita y c6 dang uv/u = (v/u)® nén ta sé nghi dén viéc dung phuong
phéap ham, v6i ham dac trung la mot ham bac 3.
(1) = Bx)>+3x=(6-9))/6-9y+6-9y. ()

Dé thay ham f(¢) = 1> + r dong bién trén R nén

x=0
(¥) <= fBBx)=f(/6-9y) < 3x=,/6-9y — { y—g—xz .
3
A N N 1 2 109
The vao phuong trinh (2) ta dudgc 3% +( — 1%+ V2 - 3x—8—1: .

A s 2 < A < < X « A N 2 A 1 N A N A
Ve trai cua phuong trinh trén la ham dong bien trén (0; §)’ lai thu thay x = 3 la mot nghiém nén

hé c6 nghiém duy nhat (%; g).
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Bai 3

Tim GTLN va GTNN ctia biéu thtic P = 5> +57, biét x>0, y=0,x+ y=1.

Huéng dan

) . 5
Tacox+y=1 < y=1-x,nén P =5+ —.
5x
y . ) 5 ..
Dat t =5 thi r € [1;5]. Xét f(1) = t2+?vdl te[1;5].

. 5 25
Ta tim dudc Ppin, = f( 3 5) = 3\3/ R Prax = f(5) = 26.

Trong mat phang v6i hé toa do Oxy, hay tinh dién tich tam gidc ABC biét H(5;5), I1(5;4) lan
lugt 1a truc tam va tam duong tron ngoai tiep tam giac ABC va canh BC nam trén duong
thang x+y—-8=0.

Hudng dan

DAy 1a mot dang hinh rat quen thuoc dbi véi cac ban
16p 9. N6i nhu thé dé thay rang cac ban c6 kién thtc
hinh phang 16p 9 tét thi sé c6 Igi thé 16n trong chti dé
nay.

Goi M 1a hinh chiéu ctia I 1én BC, thi M(g; g) va Mla
trung diém BC.

Goi H' 1a diém déi xiing clia H qua M, thi H'(2;4) va t@
giac HBH'C la hinh binh hanh.

N Do d6 H'C | BH, ma BHLAC nén ACH' = 90°, tuong
tu ciing c6 ABH' = 90°. Suy ra tt gidc ABH'C noi tiép
duong tron duong kinh AH'.

o

5 ; ; : N
Tit d6 112 trung diém cltia AH', suy ra A(6;6).

. . 1
Lai c6 BC=2MC =2V R2— MI2 =3V2.Va Saapc = 5d(A,BC).BC=6.

Nhdn xét: Ta c6 thé lay diém phu H' khac 1 giao clia AH v6i dudng tron ngoai tiép tam giac.

Giai phuong trinh (x—Inx)V2x2+2=x+1.

Huéng dan
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x+1

X V2xZy2 X
Bang cach xét ham ta sé chira dugc (x) c6 VT <1va VP =1, dang thic déu xay ra khi x = 1.
Vay phuong trinh c6 nghiém duy nhat x = 1.

,_| Bai 3 .

Cho 0< x< y<z. Tim GTNN

bk: x > 0. phuong trinh tuong duong véi x —Inx = (%)

x3z y4 Z3+15x3
= +
V2(xz+y?)  z2(xz+y?) x%z
Huéng dan
< x z X
Data:—,b:X,c:—,suyraabc:l,c>lva
y z x
3
y
(i) (z) (z)z 5 & B, 15
pP= + +|=| +5= +co+—
el 2,1 \x Z a+b a+b c
vtz vz x
3 3
, a b 1 1 15 16
Tacé a’®+b* = abla+b) = + >ab=-.SuyraP=-+c*+—=c*+—.
a+b a+b c c c c

) 16 .
Xét f(c) =c*+ 76 V0i ¢ € (1;+00) ta dudgc f(c) = f(2) = 12.
VAy Ppin = 12khi z = V2y = 2x.

Giéihéphlidngtrinh{ \éZx—y—1+\/33y+21:\/}+ /x+2y |
X°=3x+2=2y"—-y

Huéng dan
2x=zy+1 1
1 y=-3
2__
Pk:{ Y73 — le
x=0 3
X+2y=0 x+2y=0

0 phuong trinh (1), quan sét cac biéu thiic duéi can (hoic st dung Casio), ta sé tim dugc mbi
lién hé gitra cac bien dinh huéng cho cac bién doi sau

) <= (V2x-y-1-vx)-1/x-2y—+/3y-1)=0
— x—y-1 3 x—y-1 ~0o
V2x—y—-1+vx /x-2y+./3y-1

x-y-1=0 (3)

V2x—y—-1+vx=y/x-2y—+/3y-1 4 °

Trang 8 http://diendantoanhoc.net




3) < y=x-1thé vao (2) ta dudc phuong trinh bac 3 an x c6 hai nghiém x =1, x =5. Suy ra
nghiém hé (1;0) va (5;4).
VG6i phuaong trinh (4), lam tuong tu véi (1) ta sé co bien doi

1) <= (V2x—y-1-y/x+20+(/x—/3y-1)=
x—-3y— 1—
— 1

V2x—y-— 1+\/x+2y Vx+./3y-

V6i x—3y—1=0 thé vio (2) ta cling sé tim dudc x = 1. Vay hé c6 hai nghiém (1;0); (5;4).

=0 (Vo nghiem)

< 2 -y . . A A 73\ L.z
Trong mat phang véi hé toa do Oxy, cho hinh vuéng ABCD c6 tam 1 (E; E)' biém M(6;6) € AB

va N(8;-2) € BC. Tim toa d6 cac dinh ctia hinh vuéng.

Hudng dan

Ta tim dudc toa do M'(1;-3) dbi xting véi M qua I,
N'(-1;5) doi xiing voi N qua 1.
A Mo B Goi F 12 hinh chiéu clia N 1én MM, do da biét toa do
n N, viét dudc phuong trinh MM’ nén ta tim dudc toa
e VL aoF( i)
*"'53 753
o S W S Mit khac, ta lai ching minh dugc NE = MM’
L e (AMM'P = ANEQ, v6i P 1a hinh chiéu cia M 1én CD,
i & Q la hinh chiéu ctia N 1én AD.).

N , =2 NF — A s .
T d6 ta c6 NF = WNE’ do do dai NF, MM’ tinh

2 'y dudc, toa d6 N,F da biét nén ta sé suy ra toa do
D E(-1;3).

W
-4

[

Khi dé ta viét dudc phuong trinh AD (qua E, N'); phuong trinh AB, CD (lan lugt qua M, M’ vudng
goc vGi AD) va tim dugc toa do A(-1;6), D(-1;-3). Do I la trung diém AC, BD nén cung tim dugc
C(8;-3), B(8;6).

Bai 3 .

Cho x, y,z€ (0;1) théaman (x* + y*)(x+ y) = xy(1 — x)(1 - ). Tim GTLN

1
= +
Vi+xZ J1+y2

+3xy— (x* +y2).

Huéng dan

Ta co
)

3, .3 _ _ _ Ly _1_ _
xX+y)x+y)=xyQ-x)1-y) < y+x x+y=10-x0-y).
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2 2
Ma (x—+y—)(x+y)24xyvél A-x)A-»=1-(x+y+xy<1-2/xy+xYy.
y X

Suyra
1
1-2{/xy+xyz4xy < 0<xy= 9
. 1 .
Mat khac vOi x,y € (0;1). Suy ra

1+x2+1+ 2 = 1+x
y y

1 1 1 1 2 2
+ <.|2 s+t ——=|=1/2 = :
V1+x2 \/1+y2 1+x= 1+y 1+xy V1t+xy

Laic63xy—(x*+y*) =xy—(x—y)*<xy.SuyraP < +X
1+xy
. 2 . 1 < 1 6v10 1
Xet f(t) = +tvlite (0;— . Tatim dudc Py = f(=) = +—.
t 9 9 10 9
X
5 Des

Trong mit phang véi hé toa dé Oxy, cho tam gidc ABC cé truc tim H(-1;3), tim dudng tron
ngoai tiep 1(-3;3), chan duong cao ké tut dinh A la diém K(-1;1). Tim toa do A, B, C.

Huéng dan

Ta c6 thé viét dudc phuong trinh BC (qua K vuéng géc véi KH) 1a y—1 = 0. Dén day ban doc c6
thé tham khao huéng dan giai 6 Pé 3 dé tim ra 10i giai.
Ta tim dudc {A(-1;7),B(1;1),(-7;1)} hoac {A(-1;7), B(-7;1),(1; D}.

(o . x%(x—38)— yo/y+3=-2
Giai he phUdngtrlnh{ Vi3 =y 78 .

Huéng dan

bk:x=2,y=0
Quan sat (1) ta cling sé dinh huéng dudc sé sit dung phuong phap ham sb, v6i ham dic trung sé
la mot ham béac 3.

1) &= x-13-3x-D=G+3)V/7+3-3/7+3. ()
Dé thiy ham f(r) = 1> — 3¢ dong bién trén [1;+o0) nén
() = fx-D=f(/y+3) <= x-1=/y+3

Khi do,
2) = 9(x-2)=y*+8y <= 9(/y+3—-1)=y*+8y (x%)

Trang 10 http://diendantoanhoc.net



N}}é?m (hoic stt dung Casio) tim dugc nghiém y = 1 nén bang phuong phap nhan lién hop ta sé
bién doi dudc nhu sau

(**)(:)(y—l)( =0 = y=1.

9
——y-9
VXy+3+2 Y )

(Vivéi y =0 thi —y—-9<0). Vay hé c6 nghiém (3;1).

VXy+3+2
Bai 3

Cho x,y,ze Rthéaman x*> + y* + 22 =9, xyz<0. CMR 2(x + y + 2) — xyz < 10.

Hudng dan

Khong giam tinh tong quat, gid sti x< y <z, do xyz<0nén x<0.Laicé x*+y*+z°=9nén x* <9,

suy ra x € [—3;0].

y2+22

2
. + .
Métkhacyzs(yzz) = .Do do

2x+y+2)—xyz
= 2x+2(y+2z)—xyz

2 2
y +z
2X+2\/2(y?+2%) — x-
X (y=+z°)—x 2
1 5
= —x3—§x+2\/2(9—x2 = f(x).

2

IA

Xét f(x) trén [~1;0] ta sé chi ra diéu phai chting minh. Pang thic xay rakhi x=-1,y=z=2.

6 Dé6

Trong mat phang v6i hé toa d6 Oxy, cho tam gidc ABC c6 tim dudng tron ngoai tiép la
1(—2;1) va thoa man dieu kién AIB = 90°, chan duong cao ké tit A den BC la D(-1;-1), dudng
thang AC di qua M(-1;4). Tim toa d0 A, B biet A c6 hoanh do duong.

Huéng dan

Chia khéa clia bai toan la c6 1€ 1a phét hién ra méi
lién hé gitia 3 gia thiét bai toan da cho: DILAC (M €
AC). Viéc dinh huéng dudgc tinh chat nay ciing kha tu
nhién, nhung can kién thiic hinh 16p 9 viing, day ciing
1a xu huéng ra dé thudng gap.
Ta c6 AIB = 90° nén ACB = 45° (G6c noi tiép bang %
gbc § tam cling chan cung). Do d6 AACD vuong can
: tai D, suy ra DA = DC, ma IA = IC nén DI la duong
trung truc ctua AC.
Tu d6, IDLAC va N la trung diém AC vé6i N 1a hinh
chiéu vudng géc clia I 1én AC.

Ta tim dugdc AC: x—2y+9 =0 (qua M vudng géc v6i DI) va N(-3;3). Ta ciing viét dudc phuong
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trinh dudng tron (C): (x +3) + (y —3)? = 20 tam N ban kinh ND. Suy ra A(1;5) = (C) n AC (chu y,
hoanh do A duong) va ctuing s€ tim dudc B(2; -2).

42

Giai BPT3(x*-2) + ————— > Vx(Vx—1+3Vx2-1).
Vx2—x+1
Hudéng dan

Dk: x > 1, ta bién d6i phuong trinh tr6 thanh

42
3V -1-vVx)?+(Vx2—x—-1)%+2| ———— +x*—x-5|>0. (%)
Vx2-x+1

Lo1s 4v/2 .
Xethamf(t):T\/_+t2—6V01t:\/xz—x+121.

42 2(3-2V2
;é_:( tz\/_)’ fl(H=0 = t=V2.

Lap bang bién thién va ta sé chi ra dudc f(¢) =0 véi moi £ > 1.

2 - 2 . 1+ 5
Dang thiic xdy rakhi t = v2 < x= 2\/_.

Vx2-1-vVx#0
T détacod (+) = | V¥ —x-1#0 (:»x;élﬂ/g.
42 2

x2—x+1

Taco f'(r)=21-

+x2—x-5#£0

Vay tap nghiém ctia phuong trinh 1a S = [1; +00) \ { +V5 }

Xét cac so thuc duong x, y, z thoa man diéu kién 2(x+ y) +7z = xyz. Tim GTNN S = 2x+ y+2z.

Hudng dan

4 N 2 N 2(x +
Taco2(x+y)=z(xy—-7).Do x,y,z1a cac s6 duongnén xy—7>0, suyra z = x g),
xXy-—

+ 2o ae X . A
g) vGi dieu kién x>0, y>0, xy > 7.

4
SuyraS=f(x,y)=2x+y+ a

V6i mbi x cd dinh, xét dao ham clia f(x, y) theo an y ta dudc:

Axy-7)—-4x(x+y) _ - 28 +4x?
(xy —7)2 T (y-1%

=1+

. a2 7 7
Khi do, f,(x,y) =0 <= ¥y  —14xy+21-4x° =0 = Yo=—+2\/1+—.
x x

)(’V ’(’_VO = X _g X).

Xét g(x) vOi x € (0; +o0) ta s€ tim dudc S = f(x; y,) = g(x) = 15.
Vay Smin =15 khix=3, y=5, z=2.
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Trong mat phang v6i hé toa do Oxy, cho hinh binh hanh ABCD cé N 1a trung diém CD va BN
c6 phuong trinh 13x—10y+13 = 0; diém M(-1;2) thudc doan thang AC sao cho AC = 4AM. Goi
H la diém doi xiing ctia N qua C. Tim toa dd A, B,C,D biet SAC=2ABva He A:2x—3y =0.

Huéng dan

Goi G = BN N AC thi G la trong tam tam giac
1 < A
BCD, suyra GC = gAC. Ma AC =4AM nén MG =

5 4 Ny
EAC’ suyra CG = EMG' Tu do

4
d(C,BN) :gd(M,BN).
Lai c6 HN =2CN nén

8
d(H,BN)=2d(C,BN) = gd(M,BN).

N 20 N
Ma d(M,BN) = va H(3t,2t) (do H e A). Nén
V269
~ s 45
tase timdugcr=1,t=-—

19°

DE ¥ rang M, H nam khéc phia so v6i BN nén ta chi ra dudc H(3;2).

o ~ 2,0 e « A ? 1 - N .2
Mat khac vai gia thiet 3AC =2AB =2CD = 2NH ta chi ra dudc MC = ENH tuc la tam giac MNH

vuong tai M va tim dugc N(-1;0).
7 13

< 3z ~ 57
Tu do ta sé tim dugc C(1;1), D(-3;-1), A(—g; 5), B (5’?)‘

F+—y-DVa2+2-yP+y+2=0
€/y2—3—\/xy2—2x—2+x:0 '

Giai hé phuong trinh {

Huéng dan
Dk: xy* -2x-2=>0.
Trong phuong trinh (1), dat \/m =t =2 ta dudc
P+ -y-Dt—-y +y=0. (%)
Do A, = (y* + y—1)? (hodc st dung Casio) nén

t=y {yzz

) = t=1-y*<1 (loai)

Thé vao (2) ta dudc

Vx2-1-Vx3-2+x=0 Dk: x = v2).

y2:x2+2 )

Bing phuong phap nhan véi lugng lién hop ta sé chi ra dugc phuong trinh trén c6 ding 1

nghiém x = 3.

http://diendantoanhoc.net

Trang 13



Bai 3

Cho a€ [1;2]. CMR (2% + 3% + 4% (6% + 8% + 12%) < 2491,

Huéng dan
Bat dang thiic tuong duong véi
(2“+3“+4“)(21—a+3ia+4%)<24.
Doac[1;2lnén2<2%<4;3<3%<9;4<4%<16 = 2<2%<16;2<3%<16;2<4%<16.
Lai c6, x€[2;16] thi (x—2)(x—16) <0 < x*—18x+32<0 < x—18+%50 — %S 18 — x.

T d6 suy ra

1 1 1 4 o a 1 1 1 54-(2%+3%+4%
R2l=+—=+—|<4-2"+3"+4") &= —+=+—< .
24 34 4a 24 34 44 32
Khi do
1 1 1 22 4+ 3% 44954 — (2% +3% +42
(2“+3“+4“)(—+—+—) ( ) ( :
24 3a 4a 32
2
1 [[224+394+4%9+54 — (29439 4+49)] _729<24
T 32 2 32 '
N
8 De8
Bai 1l .

Trong mét phang véi hé toa do Oxy, cho hinh binh hanh ABCD c¢6 ABC nhon, A(-2;-1). Goi
H, K, E 1an lugt 1a hinh chiéu vudng géc clia A trén cac dudng thang BC, BD, CD. Pudng tron
(C): x>+ y* + x+4y +3 = 0 ngoai tiép tam gidc HKE. Tim toa do B,C, D biét H c6 hoanh do
am, C c6 hoanh d¢ duong va nam trén duong thang x— y—3 =0.

Huéng dan

Goi I = AC N BD, ta sé chiing minh I € (C) bang
cach chi ra HKIE 1a t giac ndi tiép. That vay,
AHCE noi tiép dudng tron tam I nén HIE = 2HAE
(g6c 6 tAm va goc ndi tiép cling chin 1 cung).

Lai c6 ABHK,AKED la cé4c ti giac noi tiép va
EAB=HAD =90° nén

HKE=180°- HKB-EKD =180°- HAB—- EAD =90° - HAB +90° - EAD = 2HAE.

T d6, HKE = HIE, ttc 1a HKIE ndi tiép.
Mat khac, I la trung diém ACva C(c;c—3) e d (c > 0) nén I(

c=2val(0;-1),C(2;-1).
Goi (C") 1a duong tron dudng kinh AC, (C): x* + (y+1)* = 4.

A ~ s 8 11 L1 A A
E,H = (C)n(C") nén ta sé tim dudc (—g; _E)’ E(0;-3) (Do H c6 hoanh d6 am).

Tl d6 ta cing tim dugc B(—4;-3), C(2;-1), D(4;1).

c—-2 c-4 . R
T;T). Do I € (C) nén ta tim dugc
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Gidi hé phuong rinh | 3Y VG- N+ /262 -axd1=ay )
' V2—x++/y+1+2=x+y* (2

Huéng dan

Pkix<2;y=-1; Y’ (2x-y) =0;5y* —4x* = 0.
Nhan thay (1) dong bAc 3 nén dit y = tx. Tacé y°Rx—y) =0 = xy=0 = t>0.
Ta s€ dugc phuong trinh

3VB2-1+ V582 —4 =412

Bing phuong phap nhan véi lugng lién hgp v6i nhan ti chung la (1 - 1)? ta xac dinh dugc (x) c6
dung mot nghiém ¢ =1, tic la x = y. (Bang BDT AM-GM ta cting s€ chi ra dugc x = y).

Thé vao (2) ta dudc
v2—x+Vx+1+2:x+x%

Suyra x*+x-2>0 = x> 1. Bang phuong phap nhan lién hgp ta sé phan tich phuong trinh tré
thanh
1

+
x—1+v2—-x x+vx+1
1+5

—= x*-x-1=0= x=y= >

uz—x—1)1+

Bai 3 y

Cho a,b,c>0théaman 4(a®+ b%) + 2 =2(a+ b+ ¢)(ac+ bc—-2). Tim GTLN

. 2a? N b+c (a+b)%+c?
" 3a2+b2+2a(c+2) a+b+c+2 16 :
Hudng dan

) 1 +y\°
Tacox3+y3zz(x+y)3; xys(xz—y) vGOi moi x,y > 0. Suy ra

1 b 9
Z(a+b+c)35(“+b)3+03S4(a3+b3)+0352(a+b+c)((a+ 4+C) _2)

Suyraa+b+c=4.
Khi d6 ap dung BDT AM-GM ta co

2a? a

a a
= < = ’
3a?+b%+2al(c+2) a+c+2+(b—2+§) G4 CL242 /%'% a+b+c+2

2a

N 1
va (a+b)*+c* = 5(a+b+c)2. Suy ra

- a+b+c (a+b+c)2_ t 12
T a+b+c+2 32 Ct+2 32
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2 I 32—t(t+2)>?
——==_ = <0,Vt=4.
(t+2)2 16 16(t+2)2

Suy ra f(¢) nghich bién trén [4; +00). Do dé P < f(1) < f(4) = é

Véit=a+b+c=4,taco f'(r)=

a=ba+b=c

" 1

Dau bang xay ra khi {

c2. 1 A S VXx+2y+1-2x=4(y-1) (1)
Giai hé phlIdngtrlnh{ PraP42xy=7 @ .

Hudng dan

Day la mot hé phuong trinh kha don gian.
V6i (1), dat \/x+2y+1=r, ta sé giai dugc ¢ = 2. The vao (2) ta tim dugc nghiém cua hé la (1;1) va

Trong mat phang v6i hé toa dd Oxy, cho tam gidc ABC c6 phuong trinh duong thang AB:
2x+y—1 =0, phuong trinh AC:, 3x+4y+6 =0 va diém M(1;-3) nam trén BC thoa man
3MB =2MC. Tim toa d6 trong tdm G cuia tam giac ABC.

Huéng dan

Mot bai tap kha don gidn minh hoa cho phuong phap tham sé héa.
A=ABn AC nén A(2;-3). Be ABnén B(b;1-2b), C € AC nén C(-2—4c;3c¢).
Mot diém luu y la M chua bieét nam trong hay nam ngoai B, C nén ta can xét 2 truong hgp

S St o 18 AT — N 11 6 o .. 7 10
TH1: M nam ngoai, tdcla 3MB =2MC ta tim dugc b = =z Tudo G(g;—?).

—_— _— ~ , . 8
TH2: 3MB = -2MC ta cung xac dinh dudc G (1; _5)'

Bii 3 .
Tim tAt ca cac gia tri clia m dé bat phuong trinh sau c6 nghiém trén [0;2]

vVim+2)x+m=|x—1|.

Hudng dan
VGi x € [0;2] ta co
) x?—4x+1
vVim+2Q)x+m=|x-1 < (m+2)x+m=(x-1) < sz:f(x).

Xét f(x) trén [0;2] ta chi ra dudc f(x) € 2v6—6;1].
Do d6 dé BPT c6 nghiém trén [0;2] thi m =2v6-6.
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10 Pé1o

Trong mat phang véi hé toa d6 Oxy, cho hinh vuéng ABCD c6 A(-1;2). Goi M, N lan lugt la
trung diem ctia AD va DC; K = BN n CM. Viet phuong trinh duong tron ngoai tiep tam giac
BMK, biet BN c6 phuong trinh 2x + y—8 = 0 va diém B c6 hoanh do 16n hon 2.

Hudéng dan

Mot 1an nita, chiing ta lai bat gip tinh chat hinh hoc 6 pé 2, tuy
nhién can phai tin dung n6 mét cach khéo 1éo ket hgp véi cac gia

A - B D ’
! s thiet khac. .
: Tuong tu nhu 6 Deé 2, ta chiing minh dugc CM1BN va AP1BN
.k v6i P la trung diém BC. Va do d6, I = AP n BM la tam cta dudng
w P tron ngoai tiep ABKM c6 duong kinh BM. .
' Mat khac, goi F= APnBN taco AF:d(A,BN):ﬁ.
""" ” Goi E= ADN BN, dé thiy D la trung diém AE. Lai c6
D +
: SN ¢ 1L _ 1 1 _ 5
AF?2 AB2  AE? 4AB?
vV IME AP .
Nén AB = 4. Tu d6 ta tinh dugc 1A = - = V5, suy ra Al = gAF.
N 11 ]-8 N « A 2 A A ~
_ Ta lai tim dugc F (F; ?) (Hinh chiéu cua A lén BN) nén ta cung
Ey tinh dugc I(1;3). Va phuong trinh cAn im 12 (x— 1)2 + (y - 3)2 = 5.

Nhdn xét: Cach 1am trong dap 4n chinh thtic can tim toa d6 diém B tit gia thiét AB=4va Be BN
nén can xp > 2 dé loai nghiém. Nhung vé6i cadch 1am nay ta thay gia thiét xz > 2 bi thira.

- IR . 1-y)\/x2+2y2=x+2y+3 1
Giai hé phuong trinh s A .
VY+1+1/x2+2y2=2y—-x (2)

Huéng dan

Dk: y = —1. V6i phuong trinh (1), dit /x2 +2y2 = £ = 0, coi la phuong trinh 4n ¢, x, y 1a tham s6. Ta
tinh dudc A, = 2x+3y+1)* nén

1) e VX2 +2y2=—x—-y-1
\/ X2 +2y2=x+2y

—1—\/5.1+\/§)
T :

Thé vao (2) ta dudc nghiém ( 5
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N

Bai 3 .

Cho x, y,z>0 théa man 5(x* + y* + z°) = 9(xy + 2yz + zx). Tim GTLN

X 1
S y2+z2 (x+y+2)3

Hudng dan

Ta c6 5x* + 5(y2 +7%) = Ix(y+2)+18yz — 5x° -9x(y+2)=18yz— 5(y2 +2°).

p 1 1 N
Laicé yz< Z(y+z)2; V+z2 = E(y+z)2 nén 18yz —5(y* + z°) < 2(y + 2)°.
Do do
5x% —9x(y+2) < 2(y + 2)
— [x-2(y+2)]5x+y+2)=<0
— x=2(y+2).
Va

X 1 2x 1 4 1
= - < ~ < - :
V2+2z2 (x+y+2)3 " (y+2)?2 (x+y+2)3 y+z 27(y+2)?3

< . 1 .
baty+z= t>0tacoPs4t—2—t3:f(t).Xetf(t) ta suy ra dugc P < 16.

n . 1

11 Péll

Trong mat phang véi hé toa dd Oxy, cho hinh thang ABCD c6 ddy 16n CD = 2AB, diém
C(-1;-1), trung diém ctia AD la M(1;-2). Tim toa d6 B, biet dién tich tam gidc BCD bang
8, AB =4 va D c6 hoanh do nguyén duong.

Hudng dan

) 1 1
A .E' Ta ¢6, d(M,CD) = 5 d(A,CD)=—d(B,CD).

A 1 o as
Nén Sagcp = E.d(B,CD).BC =2d(M,CD).AB. Tu doé tim
o dugdc d(M,CD) = 1.

A [ ¢ Khido ta se viet dugc phuong trinh duong thang CD (la
D duong thang qua C cach M mot khoang khong doi).

Cu thé, goi VIPT clia CD 12 77 = (a,b) # 0, phuong trinh ctia CD 14 a(x+1)+ b(y+ 1) =0, suy ra

_ |261—b| _ 2 _ a=0
d(M,CD)—\/ﬁ_lc»?)a —4ab=0 < 3a=4b °

Vé6i a =0, chon b =1, tadudc CD: y+1 = 0. V4i gia thiét CD = 8 va xp nguyén duong ta sé tim dudc
D(7;-1). Ma 2AB = DC nén B(-9; -3).

V6i 3a = 4b, chon a =4, b = 3, ta dudc CD: 4x + 3y +7 = 0, tuong tu nhu trén ta thay trudng hop
nay khéng c6 diém D nao théa man diéu kién xp nguyén duong.
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2493572V = (249¥ 727y 52V-¥ 42 (1)

4 +4=4x+4,/2y-2x+4 (2)

Giai hé phuong trinh {

Hudéng dan
bk: y—x+2=0. Véi (1) dit r = x*> — 2y ta bién doi thanh

2+3%2  243%
5t+2 52t

> f(t+2) = f(21).

2+34 \“ (3\*. .. . 2 . .2 A A 2
su =2.|=] + - la ham so nghich bien trén R nén ta dugc t =2 < 2y = x~ -2.

V6i f(u) = =
Thé vao (2) ta dudc

A +4=4x4+4Vx2-2x+2 <= 4" 1 =x-1+V(x-12+1 < 4°=s+Vs2+1. (3)

Do (s+Vs2+1)(Vs2+1-1)=1nén4  =vVs2—1-s. (4).
Tritve (3), (4) tadudc 4’ —47°-25=0. (x)
Xét g(v)=4"-4""-2v, g'(v) =In4(4" +47")-2=>2In4 -2 > 0. Suy ra g(v) la ham dong bien, va do

d6 (%) ¢6 diing 1 nghiém s = 0. Va nghiém hé 1 (1; -%)

Bai 3

Cho x,y,z>0thoéaman x+ y+1 = z. Tim GTNN

x y Z%+2
pP= + + 3
X+yz y+zx z+xy

Huéng dan

Tacox+yz=yz—z—-y-1=(z-D(y+1) =(x+y)(y+1). Tuong tucing co y+zx = (x+ y)(x+ 1) va
z+xy=(x+1(y+1).Nén

b x . y s Z2+2 X+ yr+x+y . Z%+2

S x+Y+D) x+E+D x+D+D) x+E+DE+D x+Dy+D’

, 1 1 ~
Lai co, xz+y2 > E(x+y)2; x+Dy+1 < Z(x+y+2)2. Nén

>2(x+y)2+4(x+y) 4(z°+2)  2x+y)+4  AZE+2) 2 +4(z2+2)
T (x+y+22(x+y)  (x+y+22  (x+y+2)2  (x+y+22 z+1  (z+1)2

= f(2).

P - ~ 13 13 ..
Xeét f(z) vOi z>1ta se suyradufc)cf(z)zzhamein:Zkhlx:yzl,z:?).

12 Pél2
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Trong mat phang véi hé toa do Oxy, cho tam gidc ABC. Budng phan gidc trong géc A cb
phuong tinh d: x— y+2 = 0, duong cao ha tit B c6 phuong trinh d’: 4x+3y -1 = 0. Biét hinh
chiéu cua C 1én AB la diém H(-1;-1). Tim toa d0 B, C.

Huéng dan

~7a MOt bai tdp co ban minh hoa cho phuong phap dung
hinh. Cac yéu t6 cho trudc: d, d’, H.

Tit d6, ta sé "dung" dugc H' (tiic 1a tim dugc toa do) dbi
xting v6i H qua d. Do d 1a dudng phan giac trong BAC
nén H' € AC. Tit dé ta sé dung dugc dudng thang AC qua

c® - - B H' vudng goc véid'.
<> & A= ACnd, ta dung dugc dudng thang AH, B= AHNd'.
, vV MF Ta cling dung dudc duong thang CH qua H vudng géc
i, ABvaC=CHnAC.
L A s 4 ~ 1 10 3
V6i phan tich nhu the, ta se tim duodc B (0; 5), C (—g; Z)'

. . xy(x+1):x3+y2+x—y (1)
Giai hé phuong trinh .
L { 32+ VIx2+3)+@y+2)(V1+x+x2+1)=0 (2)

Huéng dan

V6i (1), phan tich thanh nhan i ta sé dugc (x— y)(x* -y +1) =0 < i i ;2 1

VGi y = x* + 1 thé vao (2) dé thay vo nghiém.
VGi y = x thé vao (2) ta dugc
3x2+VIxX2+3)+@x+2)(V1+x+x2+1)=0
< 3x2+VIx2+3)=(-2x-1)(V3+(-2x-1)2+2) < f(Bx)=f(-2x-1)
. S a1s N A A 1
VGi f(1) = t(V t? +2) lamdt ham dong bién nén ta dugc 3x = -2x-1 < x= ot
< 1 1
Nghiém hé la (——;——).
5 5
,—‘ Bai 3 |

Cho a,b,c>0théaman a+ b+ c=2. Tim GTLN

S= ab N bc N ca
“Vab+2c bc+2a ca+2b’

Huéng dan
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Ta co

ab B ab 3 ab <1 a N b
ab+2c \ ab+(a+b+cc \ (a+c)b+c)” 2\a+c b+c)’

a _ b Tuong tu ta cang co
a+c b+c A &

bc 1 b c ca 1( c a )
< - +— 4/ < - + )
bc+2a 2\b+a c+a ca+2b 2\c+b a+b

lla+b b+c c+a 3
S=- + + =—.
2 2

Dang thiic xay ra khi

Cong céac vé ta dudc

a+b b+c c+a

A 3... 2
VaySmaX:Ekhla:b:c:g.

13 Pé1l3

Bai 1 |

2
2
s 2. A N yz_x y +
Giai hé phuong trinh X
V2 +1+V2x-1=1 (2)

=2x-2 (1)

Huéng dan

Dk: x > 0. V6i (1), chia ca hai vé cho x ta dudc

2 [.2 2
+2 +2 +2
4 /L -2=0 <= y :2<:>y2:4x+2.
x x x

Thé vao (2) dudc Vax—1+vV2x—1=1.
o +v=1 =
Dat Vax—1=u=0; \/32x—1:v.Tadu’(jC{ urv @{ Z‘

w-208=1

Tit d6 ta dugc nghiém hé (% 0).

Trong mat phang véi hé toa dd Oxy, cho A(2;1), B(~1;-3) va hai dudng thang d;: x+ y+3 =0,
dy: x—5y—16=0. Tim toa do C € d; va D € d, sao cho ABCD la hinh binh hanh.

Hudng dan

Ta ¢6, C(c;—c~3) € di, D(5d +16;d) € d, nén CD = (5d + 16— ¢;d + ¢ +3).
Do ABCD la hinh binh hanh nén BA = CD tu d6 ta tim dudc d = -2, ¢ =3 va C(3; -6), D(6; -2).
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Bai 3

Cho x,y € R thda man x* + y* + xy = 3. Tim GTLN va GTNN P = x* + y° —3x - 3y.

Hudng dan

Ta co
P:x3+y3—3x—3y:(x+y)3—3xy(x+y)—3(x+y).
Laico x*+y*+xy=3 < xy=(x+3)*-3,nén
P=1-3(t*-3)t-3t=-202+6t= f(1).

" S +y)? P
let:x+y.Mat2—3:xys(x 4y) :Z,nente[—z;Z].
Xét f (1) v6i t € [-2;2] ta tim dugc Ppax = 4, Pmin = —4.

14 Déla

Bai 1 y

. 2 o N § . 11 R L2
Trong mat phang vGi hé toa do Oxy, cho hinh vuéng ABCD. F (? ;3) la trung diém AD. EK:

19x -8y — 18 = 0 v6i E la trung diém AB, K thudc canh CD sap cho KD = 3KC. Tim toa d6 C
biét xg < 3.

Huéng dan

.—(-3 ____________________ A F 8]
o .
vV MF E” |

H K

p
B [

25

Ké FHLEK, FH=d(F EK) = ——.
2v17
av17

. < N L aa s N . 5a ~
Goi G = AD n EK, hinh vudng c6 do dai canh la a. Ta tinh dudc GE = — GF = > Hon nira,

AE GE V17 " -
— =—=——_Néntase tinh dudc a =5.
FH GF 5 )

. 3 5v2 < ~ . 5
Khi do6 EF = T\/_’ ma E € EF, xg <3 nén ta tim dIIQcE(Z;E).

. (15 11) .. LR R . e
Goi I (Z; Z) la trung diém EF, suyra AC: 7x+y—29 =0 (qua I vudng goc v0i EF).

) . 10 17 . — 9=
GQlP:ACmEF,tatlmdUQcP(?;?),hdnnu’aIC:EIPnenC(3;8).
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2.1 A N |x—2yl+1=+/x-3y
Giai hé phuong trinh { x(x—4y+1)+ydy-3)=5"

Hudng dan

bk: x=3y.bat|x-2yl=u=0; |\/x—-3y|=v=0. ta dugc hé
u-v=-1 — u=1
u?+1v?=5 v=2"
T d6 giai hé ta dugc nghiém (-5;-3); (—11;-5).

,—‘ Bai 3 |

Cho a,b,c>0. CMR
a2+1+b2+1+02+1> 1 . 1 . 1
4h? 4c2 42 “a+b b+c c+a
Huéng dan
Ta co
VSR B B I A S Y G
— |ap?2 42 4c2  4¢2 4a?  4a?
. a N b N c 1 a+b+ c
202 2¢2 2a2 2\ b2 2 a?)’
Ma
a 1 2 b 1 2 ¢ 12
b2 a b ¢ b ¢ a ¢ a
Nén
a b ¢ 1 1+1
b2 ¢2 a®> a b c
Suyra
1/1 1 1 1 1 1 1 1 1 1 1 4 4 4
Viz—|—+—+—-|==||—-4+=|+|=+=-|+|-+—]||=- + + =VP
2a b c¢) 4|\a b b c c a 4\a+b b+c c+a

Dang thitc xayrakhia=b=c=1.

15 Pél5

Trong mat phang v6i hé toa d6 Oxy, cho hinh thang ABCD vudng tai A, D; dién tich hinh
thang bang 6; CD = 2AB, B(0;4). Biet I(3;-1), K(2;2) lan lugt nam trén duong thang AD va
DC. Viet phuong trinh duong thang AD biet AD khong song song véi truc toa do.
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Hudéng dan

Vi AD khéng song song v6i cac truc toa do nén goi VIPT ciia AD1a 77 = (1,a) (a #0).
Suyra AD: x+ay+a—-3=0vaDC:ax—y—-2a+2=0.

N ., |2a+ 2| |5a—3|
Tu do ta tinh dugc d(B, DC) = ,d(B,AD) = .
va®+1 va’+1
. 1 . - 5 —1+2V2
Ma Sagcp = EAD.(AB +CD)=6néntasétimdudca=1,a= —3 a= —

X+Vx(x2-3x+3)={/y+2+/y+3+1 (1)

Giai hé phuong trinh
P & { 3Vx—1-Vx?-6x+6=yy+2+1 (2)

Huéng dan
Pk: x € [1;3- V3] U [3+ V3;+00); y € [-3; +00).
1) = x-1+VEx-13+1={y+2+\/({/y+2)3+1 < f(x-1)=f(/y+2).
V6i f(r) = t+V 3 +1, t =—11a ham dong bién nén ta c6 x—1 = {/y+2. Thé vao (2) ta dudc

3Vx—1-Vx2—6x+6=(x—1)+1 < x-D+1+vV(x-12—-4(x-1)+1=3vVx—-1.

Do x = 1 khong théa man nén chia c hai vé cho vx—1 > 0 ta dudc

Vx-1+

1 5
X—1-4+——=3 < +VI2P-6=3 < t=—.
\/ x—-1 2

1 5 127
Veit=vVx—-1+ 1 2. Ttt d6 ta tim dugc nghiém hé (5;62), (Z’ _6_4)

Bai 3 |

Cho x,y >0 thoaman x— y+1<0. Tim GTLN

x+3y°2 2x+y?

N 1/x2+y4_5x+5y2-

Hudng dan
p x 1 1 1 1 1 | X 1
Tacox<sy-1=0<5=<-—-—5=-—-|-—= =-.batr=— = re(0;-].
y oy y 4 \y 2 4 y 4
Suyra
o 2F3 1 2Etl a8 ) 2041 _
B 2 5 2+1 T VZ+1 5 t+1
IR

1-3t 1 1

VEZ+D? 5 @+
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| . 1 [(17)3 1-3t 4
Dote(0;-]nénl1-3t=—; V(t2+1)3 < (—) = > )
4 4 16 (t2+1)3 17\/1_7
16

1 1 ,
a—g-m—1)2>—g.8uyraf(t)>0.
Vay f(1) ddng bién trén (0; 1] = f = fly= > -2
Y s 4 4T y1T 25

16 Luigiai dé 16

Trong mit phang hé toa d6 Oxy, cho duong thang d: x— y+1-v2 =0 va diém A(-1;1). Viét
phuong trinh duong tron (C) qua A, goc toa do O va tiep xtic dudng thang d.

Loi giai

. N e R 2 s 1 1
Goi M la trung diém cua OA thi M (_5 ; 5)

Ta c6 OA = (-1;1) 1a vecto phdap tuyén ctia trung truc doan 0A, do dé trung truc doan OA c6
phuong trinh x—y+1=0

Tam I cua duong tron (C) nam trén trung truc doan OAnén suyra I(¢,¢+1).

t=0
r=-1

|t—t—1+1\/§
V2

Khi ¢ =0 thi 1(0; 1) va ban kinh R ctia (C) 1a 1. Phuong trinh dudng tron (C) : x* + (y - 1)* =1

Theodétacé IA=d(,d) o V(t+1)2+ 12 = o2 +2t=0<

Khi ¢ = -1 thi I(~1;0) va ban kinh R ctia (C) 1a 1. Phuong trinh duong tron (C) : (x + 1)+ y* =1

L+ 43-Dx-y)=2

Giai hé phuong trinh Y
1ai he p ng trin er\/m:(x 8y)

Loi giai
biéu kién: x,y = -1
Phuong trinh dau tuong duong
(x+y)3—8+6—3xy(x+y) +3(y-Dx-y)=0
@(x+y—2ﬂx2+y2+2xy+2x+2y+4y—mx+y—2Mxy+y+1):0
@(x+y—2ﬂx2—xy+y2+2x—y+1):0

x+y—-2=0
xz—xy+y2+2x—y+1:0 (%)

http://diendantoanhoc.net Trang 25



Phuong trinh () & x*+ (2—y)x+)y* -y +1=0

Phuong trinh nay c6 A = -3y <0.

Néu y # 0 thi A <0 dan dén hé phuong trinh v6 nghiém.
Néu y =0 thi x = -1, cling khong théa hé phuong trinh.

VG6i x + y—2 =0, thay y =2 - x vao phuong trinh tha hai ta dudc:

2VX+1+42V3—-x=x*-2x+1
o 2Vx+1-x-1D+2V3-x+x-3)=x*-2x-3

1 1
o (x*-2x-3)|1+ + =0
( 2vVx+1+x+1 2v3-x+3-x

o x*-2x-3=0
N x=-1

x=3
V6ix=-1thiy=3
V6ix=3thiy=-1
So diéu kién hé da cho c6 nghiém (-1;3), (-3;1)

Bai 3 .

Gia st x va y khong dong thoi bang 0. Chiing minh

2 2
xX—(x—-4
—2\/5—23M32f2—2
x2+4y?

Loi giai

x2 - (x—4y)?

5 >— =0, bat dang thiic hién nhién ding.
X +4y

Néu y =0, khi d6 x #0. Ta c6

) ) 2 _ (x—avy)?
Néuy#0khids -2v2-2<X -0 55 5
x-+4y

2 2
@—2\/5—25(3) _(ﬁ_z) <2v2-2 (1)

L X e
bat — =tant, khi do
2y
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tan? ¢ — (tan t — 2)?
( PN
tan?t+1
o -2vV2-2<cos’t(dtant—4)<2v2-2

o —2V2-2<2sin2r—4cos’ t<2v2-2
o —V2-1<sin2r-2cos’t<v2-1
o —V2<sin2r—cos2r< V2

(1) o —2v2-2<

b4
S — 25\/§sin(2t—z) <1

T
o -1 §sin(2t—z) <V2
Bit dang thiic cubi cuing ludn ding, vy ta c6 diéu phai chiing minh.

17 Luigiai dé 17

N

Bai 1

Trong mat phang toa do Oxy, cho tam gidc ABC nhon cé dinh A(-1;4), truc tim H. Puong
thang AH cat canh BC tai M, dudng thang CH cit AB tai N. Tam dudng tron ngoai tiép tam
giac HMN 1a I1(2;0), dudng théng BC di qua diém P(1;-2). Tim toa do c4c dinh B, C clia tam
giac biet dinh B thudéc duong thang x+2y -2 =0.

Loi giai
Dé thay BMHN la ti giac noi tiép. Suy ra I 1a trung diém BH.
Bed= B(2-2t;t).

Suyra H2+2t;-1).

T dd AH = (3+2t;—t—4),BP= (2t —1;—1—2). N
H
Do H la truc tam AABC nén
AHBP =0 2t+3)2t-1)+(t+4)(+2) =0 !
o522 4+10t+5=0 b M P C

or=-1
Tit d6 H(0;1), B(4;-1), AH = (1;-3). Dudng thing BC: x—3y-7=0

Puong thang AC:2x—y+6=0. Tit d6 toa dd C(-5;—4).

2 2

1
.|._ =

Giai hé phuong trinh: { (VX+3)? x+./y2x—-y) y+/x2x-y)

20—4\2x—y-3-(x-6)\/x+y+1=3(y—-2)

Loi giai
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x=0,y=0

N . A 2x—-y=0
Dieu kién: =y
j 2y—-x=0
2x-y-3=0
4 : S e 02 1 20 3 W2
Neu y = 0 thi phuong trinh dau tro thanh — + — = 2«»—:—.Dan den hé vo nghiém.
X x V2x2 x X

Tuong tu x = 0 cing khong la nghiém cua hé.

, - X A N ~ X 2, N
Xeét x,y > 0. bat ¢t = —, the thi ¢ > 0. Phuong trinh dau tro thanh

y
2 . 1 _ 2 o_ 2 .\ 2 _ 2
WE+12 t+v2r—1 1+VtRt-1) (Vt+1)? 2t—142V2t—1+1 1+Vt@2t-1)
- 2 . 2 _ 2 W
Vr+1)?  (V2r-1+1)? 1+Vt@2r-1)
Dat{ Z: \‘Zt—_l (a,b>0).Khido (1) (1+1a)2 + (1+1b)2 = 1+1ab

1 N 1 -
1+a)? Q+b)?2 1+ab

Theo BDT Cauchy-Schwarz ta c6

Ta s€ chiing minh bo dé sau: Ya,b>0

a 1

2 _ 2
(1+ab)(a+b) = (Va+Vab.Vh)?* = a(l+b)* = bR arb i ab

b 1
> .
1+a)? a+bl+ab

Tuong tu

1 a+b 1 1

Cong 2 BDT vé theo vé ta duc > . =
ong vetheoveta 'C(1+a)2+(1+b)2>a+b 14ab 1+ab

B6 dé dudc chiing minh. Dang thitc xayrakhia=b. Tic Vi=V2i—-1ot=1ox=y
Thay y = x vao phuadng trinh tht hai ta dugc 2(x - 4)vVx-3-(x-6)V2x+1=3(x-2) (2)

,—‘ Bai 3 N

Cho ba s thuc a, b, c théa man a > 2,b > 0, ¢ > 0. Tim gia tri Ién nhat cia biéu thiic:

1 1
N 2\/a2+b2+02—4a+5_ (a-1)(b+1(c+1)

Loi giai
. PO . 4 1 1
bata; =a-2,thethia; >0.Khido P = -
2\/a%+b2+62+1 (a1 +1)(b+1)(c+1)

b)? D% 1
(@ +o)F  (c+1) > (a1 +b+c+1)?
2 2 4

Taco ai +b*+c*+1=

3 3
a1+1+b+1+c+1) _(a1+b+c+3)
3 - 3

Talaico (a1 + 1D (b+1)(c+1) s(
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1 27
aj+b+c+1 (aj+b+c+3)3

< . 4 . 2 1 27
batt=a;+b+c, khidor>1.KhidoP<--
: t (t+2)3

Dodo P <

s £ 1 N N
Xéthamso f(1) = - trén mién (1; +oo0)

t (t+2)3

1 81
fl=-=+

2 (t+2)4.Khidé fl=0e(+2*=81 2o r=4(dot>1)

Lap bang bién thién:

t 1 4 +00
() + 0 -
1
f(r) 8
0 / \ 0

N ? « A PN , 1 A 1
Tu bang bien thién ta co f (1) < f(4) = 3 Vt>1.Vay P < 3

2 - 2 . A 1
Dang thucxayrakhi a=3,b=c=1.Vay maxP = 3

18 Luigiai dé 18

Trong mat phang véi hé truc toa dé Oxy. Viét phuong trinh cc canh ctia hinh vuéng ABCD,
biet rang cac duong thang AB,CD, BC, AD lan lugt di qua cac diém M (2;4), N(2;-4), P(2;2),Q(3; 47).

Loi giai
Goi 77 = (a,b) 1a vecto phap tuyén ctia duong thang AB. Vi AB di qua diém M(2;4) nén phuong
trinh tong quat ctia AB 1a ax + by —2a—4b =0.
Duong thang BC di qua P(2;2) va vudng géc v6i AB nén cé phuong trinh —bx+ay—2a+2b=0
ABCD la hinh vuéng nén d(N, AB) = d(Q, BC).

|2a—4b—2a—4b|_|—3b—7a—2a+2b|© 9a=-9b
Va2 + b2 B Va2t b2 9a=7b
V6i9a=-9b,chona=1=>b=-1

Hay

Phuong trinh AB: x—y+2=0, phuong trinh BC:x+y—-4=0
Duong thang CD di qua N(2;-4) va song song v6i AB nén cé phuong trinh x—y-6=0
Duong thang AD di qua Q(3;-7) va song song v6i BC nén c6 phuong trinh x+y+4=0

V6i9a="7b,chona=7,b=9.

http://diendantoanhoc.net Trang 29



Phuong trinh AB:7x+9y—-50 =0, phuong trinh BC:-9x+7y+4=0.

Phuong trinh CD:7x+9y + 22 =0, phuong trinh AD: -9x+7y+76=0

(x,yeR).

s2.1 A S 2x2—y2—7x+2y+6=0
hé ph h:
s lpueng trin { 7+ 12x‘2y—6xy2 +y3 —-2x+2y=0

Loi giai

Ta co —7x3+12x2y—6xy2+y3—2x+2y:0© (x—=yp [xz—x(y—Zx)+(y—2x)2+2 =0 (%)
2 2
X 3x

Vix®—x(y-2x)+(y-2x%+2= y—2x—§ +T+2>0Vx,ynén(*)¢>x:y
N < =2
Thay y = x vao phuong trinh sau ta dugc x* -5x+6=0 < _3

Vay hé c6 nghiém (x, y) = (2;2), (x,y) = (3;3)

Bai 3

Cho céc s6 thuc khong am a, b, c thdéa man a? + b? + ¢? —3b < 0. Tim gi4 tri nho6 nhét ctia biéu
thic

__1 4 8

C(@+1)2 (b+2)2  (c+3)2

Loi giai

Tacé a>+b*+c?—2a—-4b—-2c+6=(a—1)>+ (b-2)% + (c - 1)> = 0, theo gia thiét thi a® + b* + ¢ < 3b.
Suyra3b-2a-4b- 2c+6sOoZa+b+2c56o2a+b+2c+10516

1
Vd1ha1soxy>0th1—2+—2_
X2 y2 T (x+ P
1 4 8 8 8 8.8 16>

> > =

= + + > + > = >
(@a+1)? (b+2)? (c+3)? (a+g+2)2 (c+3)? (a+g+c+5)2 (2a+b+2c+10)?
2 2

. Ap dung nhan xét trén ta c6

Dang thic xayrakhi a=c=1,b=2. ViyminP = 1.

19 Luigiaide 19

Bai 1

Trong mat phang v6i hé truc toa do Oxy, cho hinh vuéng ABCD. Diém N(1;-2) théa man
2NB + NC = 0 va diém M(3;6) thuoc duong thang chiia canh AD. Goi H la chan hinh chiéu
vudng goéc ctia A xuoéng dudng thang DN. Xac dinh toa do caa cac dinh ctia hinh vuong

2 L s, iR £ s 2800\ 2 ~ A
ABCD biét khoang cach ti diém H den canh CD bang va dinh A c6 hoanh do la mot

s6 nguyén 16n hon -2.

Loi giai
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122

Goi E 12 hinh chiéu vuéng géc clia H trén CD = HE = I3

Gia st canh hinh vuéngla a (a > 0)

- —_—> _—> g —_—> 2—) A S .~ N 2
Taco2NB+ NC= 0 & CN=-CBnén N nam giua B,C va thoa

2a
man NC = —BC— —
3 3

13
Suyra DN = v/CD?+ CN? = av13

AD DH 2a

Tac6 AADH -~ ADNC (g.g) nén — =>DH=—

DN NC V13

ADHE ~ DNC (g.g) nén — HE _DH = NC= 13 HE=2V?2
&8 NC DN 6

x 2 2a
Danden?:Z\/i:a:S\/i

Gia st vipt cia AD 1a 7 = (a; b) v6i a* + b* > 0. Phuong trinh AD: ax+ by —3a—6b=0.

|-2a-8b| _ ) - _ a=-b
ﬁ_sﬁcﬂa ~16ab-23b° =0 (a+b)(7a-23b) =0 | _ .,

Truong hgp a=-b. Chon a=1,b=-1. Phuong trinh AD:x—y+3=0.

d(N,AD) =3V2 &

Ké NP L AD (Pe€ AD),khid6 NP:x+y+1=0= P(-2;1)

BC
AP=BN=—= =v2.Laido Ae AD= A(t;t+3) (t>-2). TU AP=V2suyrat=-1(n)vt=-3(/)

V6i ¢ = —1 thi A(-1;2). Khi d6 do PD = 2AP nén D(-4;-1). Tit d6 tim dugc B(2;—-1), C(~1;-4)

Truong hop 7a = 23b. Giai tuong tu ta dugc 2 gia tri hoanh do A khong phai s6 nguyén. Vay ta
loai truong hop nay.

Két luan A(-1;2),B(2;-1),C(-1;-4), D(-4;-1)

. . \Vx2—x-y-1.3/x—y-1=y+1
Giai hé phuong trinh T T y (x,y€R)

x+y+1+\/2x+y:\/5x2+3y2+3x+7y

Loi giai
xz—x—y—lzo
bieukién:{ 2x+y=0
5x2+3y2+3x+7y20

Néu x®> = x + y+1, ti phuong trinh dausuyra y+1=0=>y=-1=>x*-x=0=>

= x
i
= o
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Th vao phuong trinh sau thay (x, y) = (1;-1) théa man. Suy ra (1;-1) 1a nghiém ctia hé phuong

trinh.

Néu x? > x + y + 1. Phuong trinh dau tuong duong

Vryo1= =21

x-x-y-1

+1
ox—y-1-1= y -1
VxX2—x-y-1
- xX—-y-2 B -(x+y+1x-y-2)
Vx—y-1D2+x-y-1+1 /x2-x-y-1(y+1+/x*-x-y-1)
1 x+y+1

+ =0
Vx-y-12+x-y-1+1 /x2-x-y-1(/x*—-x-y-1+y+1])

x—-y—-2=0 (1)
1

ox—-y-2)

o x+y+1

+ =0 (%)
Vax-—y-12+Yx—y-1+1 /x?-x-y-1(/x*—x-y—-1+y+1)
>—1+\/5
N « X N 2x+y20 2 _ X 2
Tudleuklen{ Pox—y—120 >x+x-1=20=> N
X< —

A _1—\/5
Neu x <

Truong hgp x >
vo nghiém. Suy ra y+ 1> 0, ti day thi pt (x) vo nghiém.

Suy ra y = x — 2. Thay vao phuong trinh sau ta dugc
2x—1+V3x-2=V8x2-2x-22x-1+V3x-2= \/2(2x—1)2+2(3x—2)

A 2
biéu kién: x = 3

1
Dét a=2x-1(a> §)
b=v3x-2(b=0)

,khidé ti2x+y=0=y=-2x=21+V5=x+y+1>0,do do () vO nghiém.

5 e 2 X A A
=>x>0.Glasuy+1<0=>x-(y+1)>0=>VT(1)>0=VP(1),dan den hé

Phuong trinh trd thanh a+ b= V242 + 2b% © a* + 2ab+ b* =2a° +2b* & (a-b)* =0 a=b

X =
Tidé2x-1=V3x-2e4x" - 4x+1=3x-24x*-7x+3=0< e

= w -

Vi x = 1= y = -1, thitlai thAy théa man. Ta nhan nghiém (x; y) = (1;-1)

o3 5 s 1A 2
Voi x = Find At Thu lai khong thoa.
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,—‘ Bai 3 |

Cho ba s6 thuc khong am x, y, z. Tim gid tri 16n nhat clia biéu thic

4 4 5
pP= — —
VEZ+Y2+22+4  (x+))/(x+22)(y+22) (y+2)/(y+2x)(z+2x)
Loi giai

St dung BDT Cauchy ta co

xX+y+4z X2+ y?+2xy+4xz+4yz

(x+ )/ (x+22)(y+22) < (x+ ).

2 2
2 2 2 2
X~ + X~ +
< 2y + 2y +(x2+z2)+(y2+zz)

<2(x*+y*+ 2%

y+z+4x V2 + 22 +2yz+4yx+4zx

<2(x*+ 1%+ 2%
2 2 ( y )

(y+2)\/(y+2x)(z+2x) < (y + 2).

Khi d6 biéu thic P tré thanh
4 4 5 4 9

P< — — = —
VXZ+ 2 Z22+4 2(x*+yP+zd) 20 +y*+zY) (/x4 )2+ 2 +4 2+ YA+ 2Y)
o . 4 . 1. 4 9
Datt:\/x2+y2+z2+4,kh1dot>2.Kh1doPs———
: t 2(2-4)
Xét ham sb f 4 9 trén mién (2; +o0)
y r2(t2-4)

L _(A-DAr+7r*-4r-16)
2 (12-42 £2(12 - 4)2

Dot>2nén4r +7t°—4t-1624(2 - 4) + t(7t—-4)>0,vay f(H =0 t =4

Lap bang bién thién ta thu dugc (1) < f(4) = g Vay P < g

2 P 2 . A 5
Dang thuc xay ra khi x = y = z=2. Vay maxP = 3

20 Loi gidi dé 20

Trong mat phang Oxy, cho hinh chit nhat ABCD c6 AB = 2BC. Goi H la hinh chiéu clia A
lén du’bng thang BD. E, F lan luot 1a trung diém canh CD va BH. Biét A(1;1), phuong trinh
duong thang EF la 3x— y—10 =0 va diém E c6 tung d6 am. Tim toa do cac dinh B,C, D.

Loi giai
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Goi E, F,Glan lugt 1a trung diém cac doan thfglng CD,BH,AB.Ta 4 G B
chiing minh AF | EF.

Ta thay cdc tii gidc ADEG va ADFG ndi tiép dudng tron dudng F
kinh DG nén t& giac ADEF cung noi tiep duong tron nay, do do

H
AF | EF.
Pudng thang AF c6 phuong trinh x+3y-4=0 P . ¢
. 17
A 3: R N a 2 ~ ] 3x—=y=10 == 17 1 32
Toa do diém F la nghiém cua hé Y o 15 >F|—;=|=>AF=\/—
x+3y=4 1 5’5 5
Y=3
AF 2
AAFEmADCB:EF:7:2\/g
— 17 51
Ee€eEF:3x-—y—-10=0=> E(£;3t—-10) > EF = t—g;?)t—g .

) 17)? 51\ 8 , 19
EF*=|t—-—| +(3t-—=| =-©5*-34t+57=00t=3Vt=—
5 5) 5 5

s 19 . 19 7 . A ~
t:3:>E(3;—1).V01t:€thlE(E;g).ViEcotunng am nén E(3;-1).

Phuong trinh AE: x+y—-2=0.Vi AADE vudng can tai D nén

AD=DE _ (x—1)2+(y—1)2:(x—3)2+(y+1)2@ y=x-2 o) x=1 ] x=
AD 1 DE (x-1D(x-3)=(y-D(y+1) (x-1)(x-3)=0 -1 =
V6i x=1;y=-1thi D(1;-1). V6i x =3; y = 1 thi D(3;1).
Do D va F nam ve hai phia so v6i AE nén D(1;-1)

Khi dé C(5;-1), B(1;5).

2y/x+y+6=1-y

(x,yeR)
IVI+x+xy\/9+y*>=0 4

Giai hé phuong trinh {

Loi giai

X+y+6=0
x=-1

Diéu kién {

Néu y = 0, d€ hé c6 nghiém thi1 =y = 0.
Khid62\/x+y+6=2V-1+0+6=2v5mal-y=<1.Dan dén phuong trinh dau vo6 nghiém.

Vay y < 0, d€ phuong trinh sau c6 nghiém thi x > 0. Ta c6

2
3
9+ (ﬁ) =(=\/9+(=»2 (1)

Trang 34 http://diendantoanhoc.net

3
IVI+x+xy\/9+)°=0|—
VX




Xétham s6 f(1) = tV9+ 2 v6it>0

2

9+ 2t ~ PN L4 ~ 5N
JHOE —— >0 Vt>0.Vay f(t) dong bien trén mién (0; +o0)
9+ ¢

. 3 9 £ s . 9
Do do6 (1) © — = -y © x = —. The vao phuong trinh sau ta dugc 2/ < + y+6=1—-y (%)
v y? y?

N A 9 A « A A N A . « A A
Ham so g(y) = 2, /? +y+6 dong bien trén (—oo;0), ham so h(y) = 1 - y nghich bien trén (—oo;0)
nén phuong trinh () néu c6 nghiém thi d6 1a nghiém duy nhat.
Nhan thdy y = -3 1a nghiém ctia (%), vdy y = -3 1a nghiém duy nhét clia ().

Vay hé c6 nghiém duy nhat (x, y) = (1;-3).

,—‘ Bai 3 |

Cho céc sb thuc duong ab =1 va c(a+ b+ c) = 3. Tim gid tri nh6 nhét ctia biéu thiic

b+2c a+2c
P_

= + +6In(a+b+2c
l1+a 1+b { )
Loi giai
a+b+2c+1 a+b+2c+1 1 1
P+2= + +6ln(a+b+2c)=(a+b+2c+1)|——+——|+6In(a+b+2c)
l1+a 1+b l+a 1+b
. . F PN A 1 1 2 .
Ta chiing minh bo dé quen thudc sau + > vOiab=1
l+a 1+b 1++vVab

1 1 2 ,

Thatvay1+a+l+b2l+mo(\/ﬁ—\/5)2(\/ab—l)20(lu6ndungdoabzl)
. b+1
Lai theo BDT Cauchy: vVa <27 nén

2 4 4 4 16

> > = >
1+vVab 3+ab c*+ab+bc+ca (a+c)(b+c) (a+b+2c)?
N 16 b+2c+1
TudoP+2= latb+act )+61n(a+b+20)
(a+b+2c)?

Détt:a+b+26,théthit>0.KhidéP+2216(t2+1)+61nt.

16(¢+1)

Xét ham f(r) = 2 +6Int vGi t > 0.

162 —321(t+1) 6_-16r-32 6 _61°—16-32

!
(1) = -
) t4 t 3 t 3

.Khidé f'(n=0<t=4(do t>0)

Lap bang bién thién ta dudc f() = f(4) =5+ 6In4
Vay P =3+6In4. Dang thitic xayrakhi a=b=c=1.

Két luan: maxP = 3 +61n4.
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21 Loigiai dé 21

Trong mat phéng hé toa do Oxy cho tam giac ABC c6 A(1;4), tiép tuyen tai A cia duong tron
ngoai tiép tam glac ABC cat BC tai D, duong phan gidc trong cia ZADB c6 phuong trinh
x—y+2=0.Diém M(-4;1) thudc canh AC. Viét phuong trinh duong thang AB.

Loi giai
Goi Al la phan giac trong ZBAC.

Ta c6 LAID =/ABD+ /BAI
LIAD=/ZCAD+ ZIAC

Ma /BAI=/IACva ZABC = /ZCAD

Nén LAID = ZIAD. TGic AAID can tai D.

Goi E 1a giao diém clia phan giac trong ZADB s T C D
v6i AB. Khi d6 DE 1 Al

Suy ra dudng thang Al : x+y—5=0

Goi M’ 1a diém dbi xiing ctia M qua AI. Vi M € AC nén M’ € AB. Dé dang tim dudc toa d6 M’ 1a
(4;9).

DPudng thing AB di qua A va nhan AM lam vtcp nén c6 phuong trinh 5x -3y +7=0

2. A N +3 + B 2_ :5 +4
Giai hé phuong trinh BRI ) Y =0 (x,yER)
a4y —x-2+yy-1=x-1

Loi giai

xy+x—y2—y20
Dieukién{ 4y*-x-2=0

y—1=0
Phuong trinh dau tuong duong x— y+3/(x— y)(y+ 1) —4(y+1) =
batu=\/x—yvav=+yy+1 (u,v=0), thé thi 2 - 412 +3uv=0o u=vvu=—4v (¢).
V6i u = v thi x =2y + 1. Thay vao phudng trinh sau ta dugc

\V4y2=2y-3+4+y/y—-1=2y o /4y?>-2y-3-QRy-1)+/y—-1-1=0

- 2(y—-2) N y-2 _
VA4y?=2y-3+2y-1 +/y—-1+1
@(y—Z)( 2 + !
VA4y?=2y-3+2y—-1 +/y-1+1

& y—2=0 (Vi biéu thiic con lai luén duong vy = 1)
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y=2= x=5.So diéu kién, hé da cho c6 nghiém (x, y) = (5;2)

N

Bai 3 .

Cho céc s6 thuc duong a, b, c théa man a + b + ¢ = 3. Tim gia tri 16n nhat clia biéu thiic

B bc N ca N ab
vV3a+bc V3b+ca V3c+ab

Loi giai
St dung BDT Cauchy: be be = be < be ( 11 )
V3a+bc Vala+b+c)+bc V(a+b)(a+c) 2 \a+b a+c

Tuong tu ——e <C“(1 +1)a ab <“b(1+1)
g'\/3b+ca_2 b+a b+c V3ctab 2 \c+ta c+b

Cong cac BDT vita danh gia vé theo vé ta dudc

bc+ca ca+ab ab+ bc a+b+c_3

< + =
2(a+b) 2(b+c) 2(C+a) 2 2

2 . 2 . A~ 3
Dang thucxayrakhi a=b=c=1. Vay maxP = >

22  Loigiai dé 22

N

Bai 1 .

1. Trong mit phang toa do Oxy cho duong tron (C) : x* + y* —4x+6y + 4=0. Viét phuong
trinh cac duong thang chiia cac canh ctia hinh vuéng MNPQ néi tiép dudng tron (C)
biét toa do M(2;0).

2 .2
2. Trong mat phazlng toa do Oxy cho elip (E): T—G + % = 1. Tim toa do cac diém M trén (E)

sao cho MF, = 2MF, v6i F,, F, 1an lugt 1a tiéu diém bén trai, bén phai cta (E).

Loi giai

1. (C) c6 tam I(2;-3), ban kinh R =3.

Vi hinh vuéng MNPQ ndi tiép (C) nén I ciing 1a tAm ctia MNPQ. v N
M, P dbi xtiing nhau qua I nén P(2;-6).
buong thing NQ di qua I va nhan MP = (0;—6) lam vtpt nén c6 g
phuong trinh y+3=0

y+3=0 Q 2

Toa do N,Qlanghlemcuahe{ 4 Y Ax+6y+4=0

Suy ra N(-1;-3),Q(5; -3) hoac N(5;-3),Q(-1;-3).
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VGi N(-1;-3),Q(5;-3). Dudng thang MN : x+y—2 = 0, dudng thang NP : x+y+4 = 0, dudng thang
PQ:x-y—-8=0vaduongthang QM:x—-y-2=0

2.Tac6a=4,b=3,c=7.

16
, oo | MF-MF,=8 MF ==
Theo dinh nghia elip va gia thiét ta c6 hé { MF, = 2MF, s &
Y= —
3
A Y vs s A . cXx 8 7x 16v'7
Theo cong thuc ban kinh qua tiéu ta c6 MF, = a— TM ®3= 4- \/_4 M e xy = 2—\1/_
N N V329
Thay x), vao phuong trinh (E) ta dugdc yy = +
Bai 2 .

2.4Y +1=2V2"142]og, VX
Giai hé phuong trinh Y xyeR

Crx=(y+Dxy+1)+x°

Loi giai
biéu kién { x>0
; y>0

Phuong trinh th( hai tuong duong

2

X +x-x :xy2+xy+y+1©(x—y—1)+x(x2—y2+x—y):0

S x-y-D+x[x-p)x+y)+x—-yl=0

o xX—y-DE*+xy+1)=0 (%)
Vix>0,y>0nénx’+xy+1>0.Dodé (x) ©ox—y—-1=0ox=y+1 (1)
Mit khac, phuong trinh dau tuong duong véi
4y+%:2‘/ﬁ+log2\/§—log2y
47 +log, V2 +log, y = 2V +1log, Vx

o 2% +log2(\/§.y) = 22‘\/§+log2 (\/5\/5) (%)
Xét ham sb f(£) = 2% +log, (V2.1) v6i t > 0
2 e .
fl(=22*"1n2+ L >0 v6imoi ¢ > 0.
v2.t.In2

Do dé f(r) dong bién trén (0; +oco).

Do do (*)@y:\/§©2y2:x(2)
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y=1

Tu (1) va @) suyra2y’=y+1= 1
(1) va (2) suyra2y =y y=-3

V6i y = 1 thi x = 2. Thit lai thay diing, vay hé da cho c6 nghiém (x, y) = (2;1)

N

Bai 3 .

Cho a, b, ¢ 1a ba s6 thuc duong. Chiing minh ring:

a¢+1 b*+1 2+1 1 1 1
+ + > + +
4p? 4c2 4a? a+b b+c c+a

Loi giai

TacoOVT=

a? 1 b? 1 c? 1 1 1 1
—+t |t =+—=|+t|S+=|z2=+—+—
4b?  4a? 4c2  4p? 4a?  Ac? 2b 2c 2a

e 1 1 4 s. . I
Ap dung BDT — + — = —— v0imoi x, y >0 ta co
X y x+y

a b c 1(1 1) 1(1 1) 1(1 1) 1 1 1
—t—t—=—|—+—=|+=|=F+—-|+=-+—=]= + +

2 2 2 4\a b) 4\b c) 4\c a a+b b+c c+a
23 Lui giai de 23

Bai 1 .

Trong mat phang toa dd Oxy cho diém M(0;2) va hai duong thang d : x+2y =0va A:4x+3y =
0. Viét phuong trinh ctia duong tron di qua diém M, c6 taim thudc dudng thang d va cat
duong thang A tai hai diém phan biét A, B sao cho do dai doan AB bang 4V/3. Biét tam duong
tron c6 tung do duong.

Loi giai
Goi I 1a tAm dudng tron can tim. I € d nén I(-2;1) = IM = (25,2 — 1)

|—8t+3t|_

Ké IH | AB (He AB),khid6 IH=d(,A) = | 2]

Taco IM* = IA*=IH + AH* > 4" + 2 - 1)’ = "+ 12> £ —1-2=0 | ",
V6i = —1 thi y; <0 (loai)
VGi ¢ = 2 thi I(—4;2). Ban kinh duong tron R=IM = 4.

Suy ra phuong trinh dudng tron (x +4)> + (y—2)* = 16
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Gidi hé oh :nh x3+12y2+x+2:8y3+8y .
1al he phuong trin X,V E
7 & \/ X2 +8y3=5x-2y =

Loi giai
biéu kién x> +8y% >0
Phuong trinh dau tuong duong x* +x+1=Q2y-1)%+Qy—-1)+1 (%)
Xétham sb f(n) =+ r+1trénR. Do f'(r) =3t +1 >0Vt € Rnén f(r) dong bién trén R.
Tudo (x) & x=2y—1.
Thay 2y = x + 1 vao phuong trinh thi hai ta dugc

4x—-1=0 - x=1
X-12x*+11=0 x=11

X2+ (x+1)3 :4x—1©{
VGix=1thiy=1,v6ix=11thiy=6.
So diéu kién ta dudc nghiém ctia hé 1a (x; y) = (1;1) va (x; ) = (11;6).
Gitip hiéu sau hon 10i giai.

Thuc ra cé nhiéu hoc sinh sé khé khin khi bién déi pt (1) vé thanh (*). Tuy nhién, van dé nay
hét stic don gian va phép bien do6i d6 khong phai la duy nhat. Ta c6 thé tao ra nhiéu dang thic
tuong tu.

Chang han ta mudn bién déi (1) thanh f(x+ a) = f(2y + b), chi viéc cho gid tri « ngdu nhién sau
do6 dong nhat thic ta dugc b.

Cuthé, (1) © x*+x+2=8y"—12)y° +8y.
Chonngaunhién a=-1,khid6 VI = (x— 1)} +3(x—1)? +4(x - 1)+ 4
Nhu vay vé phai sé c6 dang 2y + b)® +3Q2y + b)? +4Q2y + b) + 4

Pong nhét (tir s6 hang tu do) vé6i 8y° — 12y + 8y, tiic 1a gidi phuong trinh b® +3b® +4b+4 = 0 cho
tab=-2

Kétquala() o (x-13+3x-1)2+4(x-1)+4=(2y-2°+3Qy-22+4Q2y-2) +4
Va khdo sat ham dic trung cubi ciing van cho ta: x =2y —1.

Céc em c6 thé thuc hanh van dé nay 6 dé 26, cau 2.

Bai 3 y

Cho a, b, c 1a do dai cac canh ctia mot tam gidc thoa man 2¢ + b = abe. Tim gid tri nh6 nhat
ctia biéu thiic

B : s

“b+c-a c+a-b a+b-c

Trang 40 http://diendantoanhoc.net



Loi giai

N .2 oA N ]. 2
TIIglathletsuyraa,b,c>0va—+E:a
c

. . P |
Su dung danh gia Stz

v6i moi x,y=0taco
y x+y

_2+2)+1+1)+(3+3
“\b+c-a a+b-c b+c—a c+a-b cta-b a+b-c

24 4 34
>— 4+ — 4+ —
2b  2c¢ 2a
2 6
_ 242
c a

4+
b
6
a+—
a

>4v/3

Dang thiic xay rakhi a = b= ¢ = v/3. VAy min § = 4v3

24 Loigiai dé 24

N

Bai 1 .

Trong mat phang hé truc toa dd Oxy cho tam gidc ABC cé truc tAm H(3;0) va trung diém ctia
BCla I(6;1). Buong thang AH c6 phuong trinh x+ 2y —3 = 0. Goi D, E 1an lugt 14 chan dudng
cao ké tif B va C clia tam giac ABC. Xac dinh toa do c4c dinh ctia tam giac ABC biét phuong
trinh DE 14 x—2 =0 va diém D c6 hoanh d6 duong.

Loi giai
Dé thay tii gidc BEDC noi tiép dudng tron tam 1. A
Va tii gidc AEHD ndi tiép dudng tron tam F.
Vay IF la duong trung truc ctia ED. Do d6 IF L ED.

Suy ra phuong trinh IF: y—1=0. Suyra F(1;1), suy ra A(-1;2). D

d=3
DeDE=D(@;d). Do FD=FA=1+(x-1?=5=| 5" .

Do yp >0nén D(2;3).

Phuong trinh AC: x-3y+7=0.
Puong thang BC di qua I va vudng géc AH nén cé phuong trinh BC:2x—y—11=0

Tuw do C(8;5) = B(4;-3).
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2y°—3y+1+/y—1=x>+Vx+xy

L, VER
e 5 2 14c-8-0 VR

Giai hé phuong trinh {

Loi giai
x=0
X N yEl
biéu kién 2x+y20
-3x+2y+4=0

Nhan thay x =0, y = 1 khong phai la nghiém ctia hé.

Xét y > 1, x >0 Phuong trinh dau tuong duong:

y—-1-x
VY-1-Vx+ (-1 -2+ —xy-y=06 ———+(y-1-0(y-1+0)+y(y-1-x)=0
y y yo-xy-y NS y y y(y
1
o(y-x—1)|————+2y-1+x|=0 (%)
Y Vy—-1+vx Y

A 1 A
Dox>0,y>1nén ———————+2y-1+x>0.Vay y =x+1.

Thay y = x + 1 vao phuong trinh tha hai ta dugc:

V3x+1-vV6—-x+3x>—14x-8=0o (V3x+1-4)+(1-vV6-x)+(x-5@Bx+1)=0
3x—15 x—-5

< +
V3x+1+4 1+vV6—x

3
< (x-5)

1
+
V3x+1+4 1+v6—x

Vi x>0nénsuyra x =5, tit d6 y = 6. Thii lai thiy diing, vay hé da cho c6 nghiém (x, y) = (5;6)

,—‘ Bai 3 |

Cho ba s6 thuc khong am a, b, ¢ théa man ab + bc + ca = 1. Chiing minh ring

+(x-50Bx+1)=0

+@Bx+1)]|=0

2a 2b -1 3
it 4 <—
al+1 b%2+1 c2+1° 2
Loi giai
2a 2b 2a 2b 2a 2b

Ta c6 _ _
aco a2+1+b2+1 a2+ab+bc+ca+b2+ab+bc+ca (a+b)(a+c)+(b+c)(b+a)

3 2ab+2ac+2ab+2bc 3 4dab+2bc+2ca

(a+b)(b+c)(c+a) (a+b)(b+c)(c+a)
2+2ab - 2+2ab - 2

B VI+a)(1+b)A+c2) A+ab)Vi+c® V1i+c?

2 2
Vi+cZ c*+1
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Vay VT <




< . 2 2 2 L1 A 1 1 ..
Datt:\/1+c2(tzl),khldoVTs;—§+1.Xethamsof(t):;—ﬁvdltzl.

f’(t)=—%+%.Khidéf’(t):0© r=2

Lap bang bién thién ta dudc (1) < f(2) = i
N , 3 2 - e . c= \/§
Tudo VT < > Dangthu’cxayrakhl{ 4=be2-V3
25 Lui giai de 25
Bai 1 .

Trong mat phegmg hé toa dd Oxy, cho hinh thang ABCD c6 dudng cao AD. Biét BC = 2AB.
M(0;4) 1a trung diéem BC va phuong trinh duong thang AD la x—2y -1 =0. Tim toa do cac

& 2 N « A ™ S 2 oA - ™ 54 N 2 A
dinh cua hinh thang biét rang hinh thang c6 dién tich bang = Va A, B c0 toa do duong.

.

Loi giai
) ~ 9 2 A B
Goi N la hinh chiéu cia M 1én AD. Dé dang tim dugc N(E; E)

MN 9 Taco S MN.AD >4
=—. ABCD = . =—
V5 5

= AD = 6 :>AN—AD—
V5 2

D (o}

Sile

P 3 9
A€AD:A(2t+1;t).TaCOAN:—©(2t+1——
V5 5

A 2 N . 1z 9 1
Do toa do cua Aduongneén t =1, khido A(3;1),D (5; _E)

N ~ P N < A 2 =3+ b
AB vudng goc v0i AD nén phuong trinh tham so cua AB: { ; —1-2b

Be AB= B(3+b,1-2b).

TacO BM=BA= 3+b)?+B3+2b)* =1+ bh-1°<

Ls 17 . .
V6i b = —3 thi xp < 0 (loai)

VG6i b = -1 thi B(2;3). Suy ra C(-2;5).
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N

V3y+1+V5x+4=3xy-y+3

Giai hé phuong trinh 4(52 2 (x,y €R)
\/Zﬁ+2y1%¢ u’+§y+y):2u+y)

. V.

Loi giai

3y+1=0

biéu klen{ Extd>0

4+ xy+y* , . 2 s
Déta:\/2x2+2y2,b:\/ L ;y y),khidoazO,sz.PhLIdngtrlnhsautrdthanh

a-b=0

_ 2 _ 42 — =
a+b=V2@0-a) e (a-b)Ba+50)=0e | o o

V6i3a+5b=0=a=b=0.Tud6 x=0,y=01anghiém ctia hé da cho.

V6i a = b= x = y, thay vao phuong trinh dau ta dugc

V3x+1+vVox+4=3x>-x+3oV3x+1-(x+1)+Vhx+4—(x+2)+3(-x>+x)=0

P S 2 . SRR S,
V3x+1+x+1 +5x+4+2
o (-x?+x) ! + ! +3|=0
V3x+1+1 V5x+4+2
o -x*+x=0
©x=0vx=1
Véix=1=>y=1.
Vay hé da cho c6 nghiém (0;0), (1;1).
Céch 2. Tit phuong trinh sau dé hé c6 nghiém thi x+ y = 0.
3 . AP+ xy+x?)
Tacod/2x2+2y?=x+yva >x+
X yr=x+y ¢ 3 X+y
Do do6 \/2x%+2 2+\/4(x2+xy+y2)>2(x+ )
y 3 = y
Dang thtic xay ra x = y.
Bai 3 N

Cho a, b, ¢ 1a ba s6 thuc duong théa man ab + bc + ca = 3abe. Tim gia tri 16n nhat clia biéu
thic 1 ) ]

= + o
Va?+2b?> Vb2+2c¢®2 Vc2+2a?
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Loi giai

2 1 1 1
Tu gia thiet —+—-+-=3
gia thie suyraa 5t
Stt dung BDT Cauchy-Schwarz: v/ (1 +2)(a? +2b2) = a+2b = ! < 3 <§ (l+l+l)
{08 Y ' = V2o a+2b- 9 \a b b

. . 3(1
Chiing minh tuong tutasuyra A< % —+
a

§+1+2):£(§+§+§):¢§

2
b c a 9 \la b c

1
+—+
b
Dang thiic xady rakhi a=b = c=1. Viy maxA= V3

26 Loi gidi dé 26

Trong mat phang hé toa dd Oxy, cho tam gidc ABC c6 truc tam H(3;0). Biét M(1;1), N(4;4)
lan lugt la trung diém ctia hai canh AB, AC. Tim toa do cac dinh ctia tam giac ABC.

Loi giai
Vi M N la duong trung binh cia AABC nén MN | BC= MN 1 AH.
Suy ra phuong trinh AH: x+y—-3=0.Toad0 A(t;3—-1)
M la trung diém AB = B2 - ;1 —1)
Nlatrung diém AC = C(@8—t;1+5)

SuyraBH = (t+1;1-1) VA AC = (8—2£;21 +2)
DoBH L AC=BH.AC=0= -212-3t-5=0 < [
V6it=-1= A(-1;4); B(3;-2),C(9;4)

.. 5 51 13 11 15
lel‘=—3A(—;—),B(——;—),C(—;—)
2 2°2 2’2 272

2 —y2+3)2+32x=9x* + 8y +36
4Vx+2+./16-3y=x*+8

Giai hé phuong trinh {

Loi giai
. x=-2
Diéu kién 16
Y=

Tit phuong trinh dau ta c6 x> —9x% +32x-36 = (y +2)° —9(y +2)2 +32(y +2) =36 (%)
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Xétham sb f(1) = 2 - 92 +32t—36 trén R.
f'(1)=312-18t+32=3(t—3)>+5>0 V€ R. Vay f(r) dong bién trén R.
Tedo (x) o x=y+2

Thay y = x — 2 vao phuong trinh sau ta dudc

16 14 x
A4Vx+2+V22-3x=x*+84Vx+2 (?+?) 22—3x—(?—g (=X’ +x+2) =

1 144(x+2) — (4x+16)> 1 9(22-3x)— (14— x)?

+—.
3 4v/x+24 (4x+16) 3 V22-3x+(14-x)
16 1 1

1
+—. +1
3 4v/x+2+(4x+16) 3 vV22-3x+(14-x)

+(-x’+x+2)=0

=0

< (— x? +x+2)

& X’ +x+2=0
ox=-1lvx=2

Veix=-1=>y=-3.V6ix=2=y=0.

So diéu kién, phuong trinh da cho c6 nghiém (x; y) = (-1;-3), (x; ) = (2;0)
Gitip hiéu sau hon 10i giai.

Tuong tu cach 1am cau 2 dé 23, ta can bién do6i (1) thanh f(x+a) = f(y+b)
Chonngaunhiéna=1, VT = (x+1)> - 12(x + 1)* +53(x + 1) - 78

Phan tich VP = (y+ b)® = 12(y + b)* + 53(y + b) —

Gidi phuong trinh b® - 12b* + 53b - 78 = 0 ta nhan dugc b =3

Vay (1) © (x+1)° = 12(x+ 1) +53(x+ 1) =78 = (y +3)° = 12(y + 3)* + 53(y + 3) — 78
Van din dén x = y+2

N

Bai3 .

Cho céc s6 thuc duong a, b, c. Tim gia tri nhé nhét clia biéu thiic
a’ b? G2
= + +
c(c?+a®?) al@a>+b*> bb*+c?)

+2(a®+b*+ %)

Loi giai

2
o , a 1 c 1 c 1 1
St dung BDT Cauchy ta c60 ———-=- - > =
c(c2+a?) ¢ c*+a® ¢ 2ac c¢ 2a

N 1 1 1 1 1 1
TUdO P2 ———+———+———+2(a* + b*+¢?)
¢c 2a b 2c a 2b
1 1 1 5
= —+—+—+2a*+2b* +2c*
2a 2b 2c

1 1 1 1 , 1 1
=—+—+2a°+—+—+2b*°+ —+—+2c
4a 4a 4b 4b 4c  4c

2

3 3
+—+=
2 2
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2 - k4 . ]. A . 9
Dang thucxayrakhia=b=c= 5 Vay minP = 5

27 Loigiai de 27

N

Bai 1

Trong mat phang hé toa d6 Oxy, cho hinh chit nhat ABCD cé duong phan gidc trong goc
ZABC di qua trung diém M clia canh AD, dudng thang BM c6 phuong trinh x— y +2 = 0,
diém D nam trén duong thang A c6 phuong trinh x+ y—9 = 0. Tim toa d6 cac dinh ctia hinh
chit nhat ABCD biét dinh B c6 hoanh do am va dudng thang AB di qua E(-1;2).

Loi giai
X1 4 A A . n AD
De thay ABM vudng can tai Bnén AB =AM = N A

Goi E' 1a diém déi xting ctia E qua BM. Khi d6 E' € BCvi ABEE' ©
vuong can tai B.

EE' 1 BM nén c6 phuong trinh x+y—1=0.

H

Tu d6 dé dang tim dugc E'(0;1)

BeBM= B(t;t+2). Khidé EB = (t+1;0),E'B = (£;¢+ 1)
EBLEBoEBEB=0ot(t+1)=0o t=0vi=—1
Néu 7 =0 thi xz = 0 (loai)

Néu r = -1 thi B(-1;1).

Phuong trinh canh AB: x+1=0= A(-1;a) (a#1).

DeA=>D(d;9-d)

N .z A d+1 9+a-d
M la trung diém AD nén M ST, .

d+1 9+4+a-d
2 2

MeBM:x—y+2=0nén +2=0e-a+2d-6=0(1)

Mait khdc AD = (d+1;9—d — a), AB = (0;1 - a).

AB1AD=ABAD=0=>O-d-a)(l-a)=0®—-a-d+9=0(2) (do1—-a#0)

4 . Vay A(-1;4), D(5;4)

N N a
Tu (1) va (2) suyra{ d=5

zﬁ:D_C)zC(S;l)
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x°—2x-2(x*—x)\/3-2y=02y-3)x*-1

Giai hé phuong trinh V22 + B+ x+2
p 8 /Z—M: X+ x3+x

2x+1
Loi giai
) 3-2y=20 _15y5§
bieukién:{ 2-,/3-2y20 3 2 | 2
2x+1#0 x7é—§

Phuong trinh dau tuong duong véi
2
x2—2x+1—2(x—1).x\/3—2y+x2(3—2y):Oc»[(x—l)—x\/3—2y] 0o x—1=x/3-2y
A N PN 2 < » . ~ ~ _1
Nhan thay x = 0 khong la nghiém cua phuong trinh. Xét x # 0, khi doé ta co xT: V3-2y
1 . < P
Thay /3-2y = 1—;va0 phuong trinh tha hai ta dudc

T V2x2+x3+x+2 [ 1
\/1+—: S Rx+ 1\ /1+==x+2+V2x2+x3
X 2x+1 X
1 1 2 4 2
o2+ |\/1+==14+=+{/1+=
X X X X
3
1 1 2 [ 2
S (V/1+—| +y/1+—=1+—+{/1+— (%)
X X X X

Xétham f(r) =2+t trén R. Ta cé f'(£) =3¢* +1 > 0 v6i moi ¢.

Vay f(r) dong bién trén R, do d6 () \/1 + % = f/l + % **)

Détaz% (a #0), khi do

3 1+a=0 a=-1

(**)c»\/1+a—\/1+2a©{ A+ = (14207 @{ 2 oa1-0

az-1 1+v5

< 1+Vb <a=
a= 2
2
R 2 5-1 1-v5 N . a " A g~ A ‘A
Nén x = = v5 = /3-2y= \/_<0(v0 nghiém). Vay hé da cho vo nghiém
1+v5 2 2

,—‘ Bai 3 |

Cho x, y 1a cac s6 thuc théa man x, y = 1 va 3(x + y) = 4xy. Tim gid tri 16n nhét va gia tri nho
nhat ctia biéu thiic

1 1
P:x3+y3—3(ﬁ+?)

2
. 1 1 6
TaCOP:(x+y)3—3xy(x+y)—3(—+_) 4+ —
Xy Xy
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o« .z 1% 1 1 4 . 6 16
TlIglathletsuyra—+—:§,do doP=(x+y)°-3xy(x+y)+— - —
Xy

x Yy 3

Mat khac 3(x+y) =4xy < (x+y)*=>x+y=3.
3 A 3(x+y)
Vadox,yzlnen(x—l)(x—l)203xy—(x+y)+120:>—4 -(x+y)+1=20=>x+y=<4

£ s . 9> 8 16
t=x+y,thethid<t<4,vaP=r—-"—+--—

4 t 3

s 9> 8 16 .
Xethamsof(t):t3—T+;—?v0135ts4

Ta cé f'(t) =3t> - % - % >0 v6i moi £ € [3;4]. Do d6 f(r) ddong bién trén [3;4].
. 49 . 3
SuyraminP = f(3) = o dat dugckhi r=3hayx=y= >
N 74 .
VamaxP:f(4):?datduockh1 t=4hayx=1,y=3.
28 Lui giai de 28

Bai 1 y

Trong mét phang toa dd Oxy cho hinh vuéng ABCD c6 hai diém M, N 1an lugt Ia trung diém
2 R % p L R 27 1L 5 B L2 o 2
cua AB va BC, biet CM cat DN tai diém I (? ; ?). Goi H la trung diém DI, biet duong thang

< . 7 A ~ 2 2 N A « A S A 2
AH cat CD tai P (E ; 1). Tim toa do cac dinh cua hinh vuéng ABCD biet hoanh do A nho hon

Loi giai

X N , . . A M B
De dang chiing minh CM L DN tai I.
Qua A ké dudng thang vuong géc DN cit DN tai H' va DC tai
P
Dé thiy AP' | CM, tit d6 suy ra AMCP' 1a hinh binh hanh. Suy N

CD . .2 !
raCP'= AM = - Suy ra P’ la trung diém CD.
H

Ma H'P' || CI nén H'1a trung diém DI. Suyra H' = H.
Vay AH 1 DI va P la trung diém CD. D @ ¢

Dé dang chiing minh ZAIP = 90°, do d6 phuong trinh AI:3x+4y-22=0

22 -3t —> 22 66—15t¢
SuyraA(t; ) ( -— )

=>JTA=|t
20

, ) 22\2  (66-15¢)2 t=2
TacoAI:AD:ZDP:ZPI,dodo(t—g)+( o )9@[ 34

http://diendantoanhoc.net Trang 49



Do x4 <4nén t=2va A(2;4).

< < 16 8
Phuong trinh AP:2x+ y—8=0, phuong trinh DN : x—-2y =0. Suy ra H(?; E)'

Suyra D(2;1),C(5;1), B(5;4).

(x®+5y%)2=2/xy(6-x>*-5y*) +36
Giai hé phlIdngtrinh{ . 4y g 2+y2 6 Zy
\/5yt —x* =6x"+2xy -6y

Loi giai

xy=0
5y —x*=0 "

Diéu kién {
Xét phuong trinh dau, dit r = x*> + 5y (¢ = 0), khi d6 phuong trinh dau tr6 thanh
12 —2/xXy.t—2\/Xy—36=0 (%)

A'=(/xy-6)%=0

Phuong trinh (*) c6 nghiém x* +5y* =6, x* + 5y* = —2,/xy — 6 < 0 (loai)

Vay x* +5y* = 6. Thay vao phuong trinh sau ta dugc

/5y = xt = (P +5y°) (¢ -y + 2xy © /5yt - xt + By - x") = 4x%y + 2xy

Xét ham s6 f(1) = £+ ¢ v6i ¢ = 0. Haim s6 nay dong bién nén suyra 1/5y4 — x4 = 2xy = x = y (do
x,y cling dau)

Thay x = yvao x*+5y° =6=>x=y=+1

Vay hé da cho c6 nghiém (x,y) = (1;1), (x,y) = (-1;-1)

Binh luan.

Ngoai cach xi1 li phuong trinh (1) nhu trong 18 gidi ta con c6 thé bién doi

(1) © (x* +5y%)% +2/xy(x* +5)%) = 6° +2,/x).6

Dat /Xy = a >0 va xét ham sb f(¢) = t? +2at, (t > 0) ¢6 f'(1) = 2t +2a >0 = ham sd dong bién,

diéu nay cho ta két qua x> +5y° = 6.

N

Bai 3 .

Cho a, b, ¢ 1a cac s6 thuc khong dong thoi bang 0 va théa man (a+ b+ c)? = 2(a® + b* +¢?). Tim
gia tri 16n nhat va gia tri nh6 nhat cta biéu thic

_ aA+b3+c3

~ (a+b+c)(ab+bc+ca)
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Loi giai

K 2 ~ b
Giasuc#0.Datx= =

SEES

Tu gid thiétta co (x+ y+ 1) =2(x2 + > +1) o dxy = (x+ )*> —2(x + ) + 1

< . as 1
batu=x+y,v=xy, khido u2—2u+1:4v5u2:>u25
Bay gio ta co

B+y3+1 4(x3+y3) +4

P= =
x+y+Dxy+x+y) x+y+1)@dxy+4x+4y)
B 4ud -3u.(u-1>%+4 B ud+6u’-3u+4

(u+1)3 (u+1)2
L1
B (u+1)3
PN 2 _ (u-— 1)2 . 1
Xétham so f(u) = OIS vOiu= 5

2w-Dw+D>-3w?-1)* 2(u-1Dwu+1)-3u-1)*
(u+1)8 - (u+1)*

flw=
fllw=0cou=1vu=5

Lap bang bién thién ta thu dudc trén doan

%;Jroo) thi min f(u) = f(1) = 0 va max f(u) = f(—) =

2
f)= 7
Vay min P = 1, dat dugc cheglng hankhia=0,b=c#0

11 2 . c
maxP = 5 dat dugc changhankhia=»b= e

29 Luigiai dé 29

Trong mat phang véi hé toa dd Oxy, cho dudng tron (C) : (x—2) + (y—2) = 5 va duong thang
A:x+y+1=0.Tudiém A thudc duong thang A, ké hai dudng thang lan lugt tiep xtc véi (C)
tai B va C. Tim toa do diém A biet dién tich tam giac ABC bang 8.

Loi giai
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(C) c6 tam I(2;2), bAnkinh R=v5, Ae A= A(a;—a—1)

Tit tinh chét tiép tuyén suy ra IA L BC tai H 1a trung diém clia
BC.

GiastIA=m,IH=n (m>n>0)

Suyra HA=m—n,BH=VIB?—IH?=V/5-n?

1
SuyraSABC:E.BC.AHzBH.AH:(m—n)\/S—n2
Theo dé bii Sygc =8« (m-n)V5-n2=8
o L o 5
Mat khac trong tam giac vudong IBAnén BI*=IH.JA=5=mn=m= —

n

< 1z 5
Tu?dosuyra(——n)\/5—712:8©n6—15n4+139n2—125:0©n:1:>m:5

n

a=2

IA=5%(a-2°+(-a-3°=250a*+a-6=0c s

VGia=1= A(2;-3).

V6ia=-3= A(-3;2)

xzy(2+2\/4y2+1):x+\/x2+1

Giai hé phuong trinh:
& & XAy +1)+2(x*+1)Vx=6

Loi giai
biéukién: x=0

Dé thay x = 0 khong 1a nghiém ctia hé.
2

p < A 1 1
Xét x > 0, phuong trinh dau tuong duong 2y(1+1/4y?+1) = p (1 +\/ =+ 1) (%)

Xéthamso f() =t +V2+1) trénR

2

Tacod f'(n=1+ >0 v6i moi t.

2+1

Do do (1) d6ng bién trén R. Khi d6 (x) & 2y = %

1 . N .
Thay2y = ~ vao phuadng trinh hai ta dugc

CH1+20% +DVX-6=00 X +2(x>+1)VXx—-5=0 (%)

Dé thay x = 11a mot nghiém ctia phuong trinh ()
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Xétham g(x) = x* +2(x* + 1)v/x—5 v6i x > 0.

x2+1

g (x)=2x+4xVx+ >0 vGimoix>0

X

Vay g(x) df)ng bién trén (0; +o0), do d6 1 1a nghiém duy nhat ctia (x )

y . A A 2 1
V6i x =1 thi y = —. Hé c6 nghiém duy nhat (1; 5)

1
2

N

Bai 3

Cho céc s6 thuc khong am a, b, c thoa man ¢ = min(a, b, ¢). Tim gia tri nh6 nhéat ctia biéu thic

1 1

= + +Va+b+c
a’+c? b*+c?
Loi giai
, 62 62
Tacoa2+czsa2+acsa2+ac+—:(a+5
C2
Tuongtub2+c2s(b+5
2
1 1 1 1 1 1 16
Pz + +va+b+cz-|——+——=| +Va+b+cz-.——+Va+b+c
c)? c)? 2 a+£ b+£ 2 (a+b+c)?
a+ — b+§ 2 2

< . 3s 8
Datt:\/a+b+c(t>0).Kh1(iOP2F+t

PN 2 8 .. . 32
Xethamsof(t):F+tlet>0.Tac0f’(t):—F+1;f’(t):0©t:2

Lap bang bién thién ta dudc () = f(2) = = v6imoi t >0. Do d6 P =

[\ &)
\CR &)

Pang thiic xayrakhi a=b=2,c=0

30 Luigiai dé 30

N

Bail

Trong mat phang véi hé toa dd Oxy cho tam gidc ABC can tai B, ndi tiép dudng tron (C) :
x*+y*— 10y —25 = 0. I 1a tdm duong tron (C). Pudng thang BI cat dudng tron (C) tai M(5;0).

3 2 A5 < 5 N . -17 -6 A a.R SR, a: R
Duong cao ke tu C cat duong tron (C) tai N (T; ?) Tim toa do cac diém A, B, C biet diém
A c6 hoanh do duong.

Loi giai
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Ta c6 1(0;5). Do I1a trung diém BM = B(-5;10)

Vi tam giac ABC can tai B nén BI la duong cao va cung la phan
giac goc ABC.

ZABM = ZACN (cing phu ZBAC) nén A la trung diém cung
MN. Do d6 AI L MN. Suy ra phudng trinh AI:7x+y—-5=0

7x+y—-5=0

Toa do Ala nghiém cua hé { 2+ y2 ~10y-25=0

= A(1;-2) (do x4 > 0)

A C
Phuong trinh BI: x+ y—5=0. Do AC L BI nén phuong trinh x/

AC:x-y-3=0

Goi H la giao diém ctia AC va M N, khi d6 H(4;1). Suy ra toa do C(7;4).

3 2 3
S . )] X +3x"+6x+4=y"+3y
Giai hé phuong trlnh.{ BBy—T)=1- V1T 23 (x,y€R)

Loi giai
Phuong trinh dau tuong duong (x+1)3 +3(x+1) = y +3y (%).
Xéthamsé f(1) = > +3rtrénR. Ta cé f'(r) =312 +3 >0 v6i moi £ nén f(r) dong bién.

Tt do6 () © x+1=y. Thay y = x+ 1 vao phudng trinh sau ta dugc

5 ~ — 3 =21+ VI+ a2+ 1+ %)
X’Bx—-4)=1-vV{0+x) > x(3x—-4)= Vi
®x2(3x2—4x+2+xz+ 1erz)zo
1+vV1+x2
©x2(3x2—4x+1+1+—xz):0
1+V1+x2
x=0
3x2—4x+1+1+—xzzo
1+V1+x2
Xét3x2—4x+1+1+—)62:0©3 x_22_1+1+—x2:0
1+V1+x2 3) 3 1+V1+x2
o3 x_g2+3+3x2—m—1:0
3 1+V1+x2
o x_g2+x2+1-m+1+1+2x2:0
3 1+V1+x2

Phuong trinh nay v6 nghiém do vé trai 16n hon 0.
Vay x = 0 1a nghiém duy nhat cia phuong trinh.

V6i x = 0 thi y = 1. Hé phuong trinh c6 nghiém (0; 1).
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N

Bai 3 .

~ A 4 ~ 4 .2 . 2 A 2
Cho cac so dudng a, b,c thoa man: a(a—1)+b(b-1)+c(c-1) < o Tim gia tri nho nhat cua
biéu thtic
1 1 1
p= “F +
a+l b+1 c+1

Loi giai
2 1 1 9
Su dung BDT Cauchy-Schwarz P = + + >
i a+1l b+1 c¢+1 a+b+c+3
NS 4 a+b+c)? 4
TIIglathletsuyraa2+b2+c2—a—b—cs53%—(a+b+c)s§:>0<a+b+cs4

< £ 1s e 9
Datt:a+b+c,theth10< l'S4.I<1‘lldOP2?3
. . 9 9 A A9 9
Ta ching minh — = -. Thatvay —=>- o <4
t+3 7 t+3 7
A A , A 9 2 , 2 . 4
BDT cu6i luén dangdo t < 4. Vay P > =2 Dangthucxayrakhia=b=c= 3

A 9
V%HmnP:?
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